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In this note the Feynman-propagator for axial-vector diquark (D) exchange is derived. The result
is a (-)-sign w.r.t. quark-antiquark exchange. This difference is due to a (-)-sign for a closed fermion
loop, which is present for e.g vector and axial-vector exchange in the quark-model, but which is
absent in the case of D-exchange. The calculations in these notes follow closely that for vacuum
polarization in the literature. Taking into account that the diquark D is a color {3}.-state gives a
factor +2. The result is an effective diquark propagator in momentum space
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Application to QN — NQ gives a repulsive potential for the axial-vector v57y, NDQ-coupling, which
can be used in mixed nuclear-quark matter calculations.

PACS numbers: 13.75.Cs, 12.39.Pn, 21.30.4+y

I. INTRODUCTION

In these notes we derive the diquark (D) propagator in the context of the standard quantum field theory (QFT).
The axial-vector diquark field originates from presentation of the proton current 77(1)(99) in terms of three quarks
[1, 2]. It is pointed out that there is an important difference between quark-quark objects and mesons, which are
quark-antiquark states in the quark-model. This shows up in the Wick-theorem giving a sign difference. Application
to the process N + Q — @ + N for diquark-exchange leads to a (universal) axial-vector repulsive interaction.

The content of these notes is as follows. In section II the diquark-field and the diquark propagator are defined.
The latter using the standard formalism in field theory [3-6]. In section IIT the diquark propagator is given using
its composite quark-quark structure, exploiting the Wick-theorem. Here, we note the important difference with for
example p and A; exchange within the quark-model. In section IV the calculation in the momentum space is carried
out, using the Pauli-Villars regularization method [8]. We follow the treatment in [3] for the vacuum polarization and
renormalize the diquark coupling. This results in a dispersion presentation of the diquark propagator. In section V
for NQ — QN the diquark exchange is worked out. In section VI we give a short discussion and conclusion.

In Appendix A the Wick-expansion in relation with the Feynman propagator is reviewed in some detail. In Appendix B
details for meson-exchange are given, showing the important sign difference with di-quark exchange. In Appendix C
the potential for a scalar-diquark and pseudoscalar-diquark exchange are derived. They arise from a second proton
three-quark current 1 () discussed in [2].

II. QFT SECOND-QUANTIZATION FORMALISM

The triquark representation of the nucleon current in the context of the QCD sum rules has been introduced in [1]

iy (@) = [7°(2)Cr* " (2)] vsyua® (2)e™, (2.1)

where C is the charge-conjugation matrix in Dirac-spinor space, and a,b,c denote the color indices. The composite
diquark (D) field xg () is introduced in [7] using the current by writing

iy (@) = (heP357"a" (@) - Xg(), Xji(@) = G (2)Crg (@) (o). (2.2)
The diquark D-field Feynman propagator is

(AR (@ —2) = (0T [ (=) ()] 10) (2.3)



where the diquark fields are !

a ~C ac: —€ ~f e
Xa(x) = §(@)Cruq(x) *, X () = —7°(2)7,C T () "7 (2.4)
The Dirac indices are contracted, and C is the charge conjugation Dirac matrix which satisfies C~1v,C = —’yg [3].

The Dirac equation reads v#0,q(x) = —img(z) and for the transposed 0*q(x)y, = —imq(z).
8“xZ(a:) = [(8“?@)) Cvuqd(a:) + (AfC’mﬁ“qd(x)] gaed — q, (2.5)

as follows from 0*q(z)Cv, = +im q(x)C, due to the properties of the charge conjugation matrix C' [3]. It follows
that

"(Ap)i (@ — o) = (0] X (@) (@)]],,, _,, 10) =0 (2.6)

since this is o< A(z — 2')] , =0.

o :IO

Suppressing the color indices, the plane wave expansion of the quark field, see e.g. [3], reads

«m}j/’%3m¢h_wn> ulp, ) =+ dl(p,5) v(p,5) €77 (2.7
“m)"E:/wzww2vr[N@,>@»>apz+d@s>mpswf”mL (2.9

It is convenient to introduce the positive and negative frequency parts

6 = 3 [ B b o) . (2.10)
%V@=Z/%MJ_WWMWWW, (2.11)

which are the annihilation and creation operators for a quark and a anti-quark respectively. Similarly

06 = Y [ i[5 Do) i) . 212)
160 = Y [ [ 00 60,0 . (213

which are the creation and annihilation operators for a quark and a anti-quark respectively. The vacuum is defined
as

¢ (2)]0) = ¢ («)[0) = 0. (2.14)

The annihilation and creation operators b(p, s) and df (p, s) satisfy the anti-commutation relations unequal to zero are

{b(p,5),b" (1), s")} = 6:58°(p— D), (2.15a)
{d(p,s),d"(',s")} = 6:55°(Pp—P'), (2.15b)
The anti-commutator is [3]
{qg(l‘% _g(x/)} = 7i5a,bs(z - xl)aﬁy (216&)
Sap(z) = (i7"0, +mq) A(z,mp). (2.16b)

1 Note that because v9Cvyo = —C the diquark field is an axial-vector field. Here and in most of the following we use units h = 1,¢c = 1.



and the vacuum expectation of T-product is related to the quark Feynman-propagator, see [3] section 13.6,

(0| [¢4(x)g3(2")] 10) = —ibupSp(z — 2')ap, (2.17a)
Sras(z) = ("0, +mq) Arp(z,mp). (2.17b)

For the invariant function Sp(x — z') see [3, 5]. The hermitian conjugate of x%(z) = ¢°(2)Cv,q®(z) e is

a c ac =d ~C _ac
XMT(x) = () (C"yﬂ)Tq T(x) g%l =7 (x)v,C ¢ € d (2.18a)

which will be used extensively in the rest of these notes.

III. DIQUARK PROPAGATOR

From the detailed derivation of the Wick-expansion in Appendix A for the axial-vector diquark propagator we have
(OIT [x (@)X (2)][0) = X, = =" | (0IT [gf(2') a5 ()] 0)(0|T [g¢5 (=) a (x)]10)
—(0IT (45, (") @5 (2)] [0)(OIT [q5 (2")a{ ()] 10) | O P O (3.1)
with
05 = (C)* . Op* = (W)™
The color factors in (3.1) are

—1e bl § 1 Sep = 4204y, and  — %P §, 5qr = —200. (3.2)

which give

Xyw = +20ap | (0|T [gp(2") G (2)] 10)(O|T [ga (2")Gr(2)]]0)
+(0IT [ga (") @ ()] 10) (O[T [45 (")ax ()] 0) | O O (3-3)

where (0]....|0) is diagonal in color, and a single component has to be used. Using the Feynman propagators [3] we
obtain

(01T [q5 (=) ()] 10) (01T [45,(a")@{ (2)]10) = ~8aedes Sppu(a’ — 2) Srar(a’ — ), (3.4a)
(01T (4 (2") a5 ()] 10) (OIT [gff (") ()] [0) = —ceba Span(a’ — @) Sppa(a’ — ) (3.4b)

The result for X,,, is 2)
X = —20u |:SF/3,Q(£E/ — ) Spax(@’ — ) + Spax(@’ — ) Sppa(z’ — x)} (CY)ap(1wC) i
— 26, Tr [WSF%(CL?FC) + Spy, (CSRO) ’yu} — —45,,Tr [%sm(cﬁ'pcﬂ (3.5)

where in last lines we used the shorthand notation Spas = Spas(z’ — x). Now,
CSpC =C(i7-04+mgq) C=—(iv-8—mg),
giving
Xy = 40T [y (17 - 0¥ + mq) w (iv - 0% —mq)] Ar(y) - Ar(z)
= 40ap Tr [0 50805 — Vuremd) Ar(y) - Ar(z) (3.6)

2 Note: the factor 2 due to color!



Usi
Sg Tr [7#’70(71/73] =4 (nuanuﬂ — NuvTap + nuﬁnua)
we obtain
X/w - *165ab [(azai + 8335) - 8zaf7l;w + nul/mQQ] AF(y) : AF(Z) (37)

We introduced temporarily the differentiation variables y, z, which in the end will be put toy = z = 2’ — x.
Remark: For gg-exchange the Wick-theorem gives a (-)-sign similar to that for a closed fermion-loop.

The diquark field Feynman propagator is 3
i(AF)ff/(x/ —x) = (0T [XZ(JT/)XTW)] 0) = —165ab{ [(5MAF(?/) “OyAFR(2) + 0, AFR(y) - 0uAF(2))

OB (y) 0 Dr (2 + DR () Aﬂz)} } (3.8)

y=z=xa'—x

N, ph Q,p1 N, ph Q, Pl
A A F q F
—t -
A A A p A

Q, p2 (a) N,p1 Q, p2 (b) N, p1

FIG. 1: Diquark-exchange NQ — QN. Panel (a): xj;-exchange. Panel (b): D-exchange.

IV. PROPAGATOR DISPERSION RELATION

The spectral representation of the Diquark Feynman propagator is
. ab (.1 _ a(..\. bt o > ab (.1 .
i(Ap) (" —x) = (0T [xi(2")x) ()] 10) = l/ ds (Ap)j, (2" —z;s) p(s). (4.1)
S0

In Fig. 1 the momenta of the nucleons and quarks are shown in panel (b). Then, the diquark-exchange propagator in
momentum space involves the integral

Tutim) = [ 585 [ G5 @m0+ a =) = (. + o)

+(p-g+m?) ] x [pP—m®+ie " [ —mP4id

3 We follow the conventions of [3], Appendix B and C in part II, in definition functions Ap(x) etc and Feynman rules.



This integral has been evaluated in [3] exployting the Pauli-Villars regularization [8], which means

Lo (kim) — T(k) = L, (k;m) +ZC (M2) I, (k; M?) = ch (e m? (4.3)

where the M; are large masses and the C; are chosen such that the integrals converge. Using the Schwinger parame-
terization

[p —m? —l—ze = —z/ dz exp zz m2+i6)] (4.4)

the integral (4.2) takes the form

[ee] [e’e] d4p
= +/ dz / dz / —
0 ! 0 ’ (2m)*
X [pu(k —p)y +pu(k —p)p — (p- (k —p) + m?) —i€) nu,| -
X exp [iz1 (p2 —m?+ ie) + 129 ((k; —p)?—m? + ze)] (4.5)
Making the standard shift

Z2
21+ 29

21
21+ 29

Pu — lu =Pu — ku = (p - k)u + k;u (46)

the denominator has [? and no linear [, term, which enables the integrals

d*p 1 1 m
—1,1,,1,1, 12 =—————  _|1,0,—* _ 4.7
/ (271_)4 [ s by b } exp [l (Zl + 22)] 167T2i (Zl + 22)2 |: ) 2(21 + 2’2):| ( )

leading to

I, (k)=

4772 (z1 —|— 29)?

ot o)

21292 —1 k22122
x4 2 (nuk? — kuk,) ——— + [ - + 2” 4.8
{ (77# w ) (21 + 22)2 ym (21 +22) (21 + 22)2 m (4.8)

It appears that the 77,“,[ . ] -term vanishes, see [3], and so
. dz1dzo 2179
=-2
k) Zzi:‘mz/ / (21 + 22)% (21 + 22)2
X (exp {z [kQZlZQ — (m? —ie)(z + 22)} }) (Muwk® — kuky) (4.9)

Zl+22

Using the identity

- C>Od/\ 21+ 29
1_/0 A5<1— . > (4.10)

the remaining contribution to 7, v (k) becomes

~ 21 R e Cd\
I, (k) = e (nwk2 - kuk,,) /0 /0 dz1dzoz1290(1 — 21 — 22)/0 5

x> ciexp [id (k2120 — mj + i) | (4.11)

%



The M-integral diverges logarithmically and is evaluated by applying the cut-off procedure by choosing C; = —1,C; =
0 (¢ > 1). This gives

LK) = Lu(k;m?) — L, (k; M?)

2i ) ! M?
N oo (Nuvk® — kuky) /0 dz z(1-2) In [m2 e kQ}

_ _é (uk? — kuk) % {m (%—22) _ 6/01 dz 2(1-2) In <1 — 21— 2) Z—Z)] . (4.12)

We write IAW(k‘) = —i (nuk® — kuk,) T2(k?). The (unrenormalized) diquark propagator becomes

~ i M? ! k?

iAo (k) = ~ 137 (Muwk® — k) x [m (W) - 6/0 dz 2(1—2) In (1 —2(1 - 2) Wﬂ /(he)* (4.13a)
= —i(nuwk® — kuky) Ta(k?)/(he)*. (4.13b)

N, ph Q, p} Q, Py N,pt  Q,p, N, p!

Q7p2 (a) Na P1 Q)pZ ('b) N) P1 Q7p2 (C) Na P1

FIG. 2: Diquark-exchange NQ — QN. Panel (a): axial-vector x},-exchange. Panel (b) and (c): QQ-pair exchange and iterations.

Higher-order contributions to the propagator come from diagrams as depicted in Fig. 2, i.e. the iteration of the second
order diquark contribution gives ITy(k?) — II(k?) = II3(k?)/ [1 — Iz(k?)]. This is similar to that for the vacuum
polarization in QED, see [11]. The divergency’s in the diquark-propagator can be removed by a coupling constant
renormalization, analogously to QED for the vacuum polarization. Schematically, the matrix element for NQ — QN
reads

M(k) ~ gaTh A (k) T% ~ T (k%) = (mu, — kyuky/k) TI(K?) with
(2) = () [1 - ()]

and considering this at k% = 0 the amplitude gets a factor M (k? = 0) ~ g2/(1 —II5(0)) ~ g2/(1 —IIy(0)) ~ g% where
g% is the renormalized coupling. Then, g3 = g%(1 — II2(0)) Then, for the amplitude we get

M(k) ~ g% [T (nuw — kuko /K?) TE] {1 — [I2(k%) — ]}’

where is used (1 —II2(0))/(1 — H2(k?)) ~ {1 — [II2(k?) — ]}_
The x},-field used thus far is not normalzzed to dimension /Me V]. We now normalize by redefining x|, () — XZ(x)/mi
Furthermore, since in perturbation theory the in-fields are used, i.e. (O + mi)xﬁ(w) = 0, we take in the projection



operator k% = mi. Then, the propagator becomes

iA (k) = +-2 (mw _ ’“;;L—l;) « [/01 dz 2(1—2) In (1 Ca(1-2) k_Q)] Jm? (4.14a)

4n2 2 m?2
) k.k,\ =~
= —533 (77#,,_ :@( > H(kz)/mi’ (4.14b)

where II(k2) = II,(k2) — II5(0).
The z-integral is elementary and can be found in the literature, see e.g. [15, 16], and with A = m?/k? reads

% <4A+g>}. (4.15)

It can be verified that for k2 — 0 the -4A-term in canceled, and there is no pole. The discontinuity in the complex
k-plane is

/0le z(1—2) In <12(1z) Z—Z) = %{(1+2A)m In

- . 2 2
Disc I(k) = % 1+ 2%) - Amty, (1 - —> (4.16)

Then, in momentum space, using a cut-off $,,qz,

o~ i kyk, 1 [Emae= 2m?2 4m? ., Cq—1
Z(AF);W(k) = —‘rw (77,“,— m2 ) X WAWLQ ds (14‘7 1—7[]6 —S+Z€] . (417)

X X

Separation the finite and divergent part is achieved by using [15]
1 k? 1

k2 —s—+ie  s(k2—s—+ie) s—ie

which gives for the finite part, i.e. the ”renormalized propagator” 4,

< / AN 2m? am? _
i(Ar)wk) =+ (n,“,— u )x /4 ds (1+%> 1- T [s (B2 —s+ie)] ' (4.18)

2 2
ms M3, Jam? s

In the process N — @ + D we approximate k* = k3 ~ (my — mg)? valid for low-momentum transfer.
The spectral representation of the Diquark Feynman propagator is

Smax

(AR —2) = (0T [ (=) ()] [0) = Z/ ds (M), (2’ = x35) p(s)

4m?

: kuky
—16i dqp D(z" — z3my, A) [77#,, - :12 ] : (4.19)
X

The Fourier transforms, with m, ~ 2mg, are

15(k2,m>2() = —/ ds p(s) Ap(k?, A% s), (4.20a)
4m2Q

X 2o 2 =1 1 2m? B 4m?

Ap(k*s) = [k* —s+ie] , p(s)= 192 <1—|— — > 1 — /s. (4.20b)
With /s = E(q) = y/q? + m2 we have for space-like k* = —k?
ﬁ(kg,mi) = —47r/ q*dq p(s) Ap(k? A% s), (4.21a)
0

AF(kQ, A% s) = —exp [—kQ/AQ] [kQ +q%+ mi]il , (4.21b)

4 This dispersive method of "renormalization” is from [15], and is an alternative to the Pauli-Villars method.



where we added a gaussian form-factor as usual in the Nijmegen potentials. In configuration space

Do) = [ s ple) [ ok () s (122

2 4
maq

where m(s) = /s —m2.

This result implies a repulsive QN-potential!

Gaussian Approximation:

The volume integral Dy of the D(x)-function is

Dy - (1+2 mg ) [ s ) /m(s). (1.23)

AmNQ 2

maq

where we included a factor which accounts for the mass-difference at the NQ-vertex giving kg — m,, —mg.
For a gaussian approximation

Dq(|x|) = gexp [—[x|*/A%], (4.24)

having the same volume integral one has

2V gh® = (1 21 ) /OO ds p(s)/m3(s). (4.25)

AmNQ 2

mq

V. DI-QUARK EXCHANGE NUCLEON-QUARK INTERACTION

As the proton and neutron presentation [1] shows the diquark field has isospin one. So, xj(z) is an isovector
vector-field. Therefore, we introduce the fields

Dy, (z) = xji(x) = Q" () CyuQ“(x) / (he)?, (5.1)

where @ = (u,d) is the isospin-spinor SUr(2) doublet and a SUc(3) triplet. Similarly for the di-quark Df,. The
di-quark NQ-vertex is given by the interaction Lagrangian

Lr) = =N {(D(x)157"7¢") - D (x) + h.c.}, (5.2)

The field theoretical study of the diquark-propagator in this paper shows that the Feynman-rule for the diquark
X“*-propagator for the 7,,-term is found in (4.9)

__ _ A A -
i(Ap)S(A) = —ideD(A?) (nw - == ”) , D(A?) >0, (5.3)
m
X
where A = p} — p1 = py — p2. In the gaussian approximation
D(A?) =~ exp [~A%/A?] /M2, (5.4)

The second-order amplitude for Fig. 3 using the interaction (5.2) can be described (effectively) by

A3

5 [iq (P, s1)vs7" Tun (1, 51)] - [an (P, sh) 57 Tug (D2, 52)] D(A?), (5.5)

MP(p, sh,ph, ship1, 51,02, 82) =

where A = p} — p; = p4 — po. In the low momentum transfer region the approximation D ~ exp [—AQ/AQ] JM?
leads to a gaussian contact interaction.

V (DY, 85, Dy, sh; D1,y 51,2, 82) = —(N3/2) [ag(ph, s )vs 7" Tun (pr,51)] - [an (Db, $5)757uTug(p2, 52)] D(A?). (5.6)
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FIG. 3: Diquark-exchange for NQ — QN reaction.

Using Pauli-spinor matrix elements

., ] &g oc-p o-p
w(p' 5 0u(p) = AMM | T + R (5.7)

&e (0-p)o(o-p)] _
4M’M[ * gE S

a(p')ysyu(p) = — (5.8)

where M’,M are the quark or the nucleon mass, and £ = E, + M. Note that the leading term from the vertex
factors [....][....] in (5.6) has —(o1 - 02). In momentum space we write Von = VCS(JI\), + Vg}%, where (a) is similar to the

axial-exchange in NN-potentials, and (b) represents terms emphasizing the nucleon and quark mass, and obtain

ViR = +2)3 Kl - 31\42541\; + 3(2;4;]1\‘214)) o100+ gy ((al -k)(o2 - k) — %k%l ~0'2)
e o) K| -0, (5.9a)
iy - 20| U e ) -2 oo
_% <J\§Wj\i{§?> (1‘“71'02)(01—02)'11} - g(k?), (5.9b)

where g(k?) = exp (—k?/A?) /M?. Here, we added the gaussian cut-off and a scale parameter M.

Note: V((;\), is similar to axial-vector exchange in NN and YN. VQ(?, is the "extra term” proportional to the My — Mg
mass dig‘erence, which is not small in the QN-potential.
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In configuration space, taking into account the exchange character of the potential we have a factor Py F,. Since the
physical states satisfy PyP,P, = —1, this leads to a factor —P, and a sign-change in the antisymmetric spin-orbit.
Then, we obtain for the central, spin-spin, tensor, and spin-orbit-potentials, see e.g. Ref. [12],

a A A? 3
V) = <28 o | (00)— o) (o 02) = g (V2020 + 0200 9?) (01 - )
A? A?
—m ¢)g—v(7‘) 512 =+ m¢%o(T> L . S:| (7'1 . TQ) Pw, (510&)
A [(My — Mp)? A? 1
Vo) = -2 o | SR i o0+ g (V) + k)|
2 M2 _M2
x(oy - 03) — 4M]AVMQ(4]1\V4NMQQ)¢%O(T)-%(UI_02)-L} (11 -72) Py, (5.10b)
where
o%(r) = %AAA—QQ exp HA%Q} (5.11a)
e (r) = iA—Q (3 —A%?/2) ex [—EAQ 2} (5.11b)
T M Plmat '
0 _ 1A 2 Lo
o7 (r) NI (Ar)® exp 4A ro|, (5.11c)
#eo(r) = \/2%/\‘/;22 exp {—iAQTQ] (5.11d)

We introduced a gaussian cut-off with the parameter A. This parameter is a free parameter and can be used to
tune the di-quark exchange potential which is also the case with A3. The non-local potential is

vy = —|v? (r) + o(r) V2] Py, with ¢(r) = (1) (o1-09) (T1- 7). (5.12)

2Mred 2Mred

For the statistical average S-wave potential we obtain from Eq. (5.10)
_ 1 3 32 A2 3(My — Mg)?
M) = -v( 2VBS) = +228 A (a0 () — _ Q ) 1
vieeM) = Vi) +vOS) =+4 (QSC(T) 6Mn Mg { My, J %) (613

which result comes from (o - o2) (71 - T2) = —3 for both 1S, and 39;.
The confinement-deconfinement transition can be parametrized as A3 — vypAs with e.g.

p(pn:pp) = [exp{+s (pn/pp — 1)} = 1] 8(px — pp), (5.14)

where pp is the deconfinement threshold. In [7, 13, 14] a similar form is used for the density dependence of the
constituent quark mass.

Notes: 1. The S-wave quark-nucleon repulsion (5.13) is repulsive and becomes strong for high densities. 2. The
LPy-wave has o1 - o271 - To P, = —9 giving strong repulsion. For 3PJ(J =0,1,2) the spin-isospin and the exchange
operator give a factor -1, giving again a (weaker) repulsion. 3. The di-quark exchange potential gives a repulsive wall
for the nucleons between the nucleon- and quark-phase.
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VI. DISCUSSION AND CONCLUSION

The difference between diquark-exchange and quark-antiquark-exchange, in the case of for example p, A;-exchange,
is the absence of the (-)-sign due to the closed fermion-loop for diquark-exchange. This is clear from the analysis of

the Wick-expansion of the T-product (0|7 [Xff) (z)x5f (2! )] |0). Therefore, in the Feynman-rule for diquark-exchange

there is the factor +iP,, instead of —iP,,. This, and the exchange-character of the QN — NQ interaction, is the
source of the repulsion of the diquark-exchange with the ~57,-coupling. The diquark is in the {3}-irrep of SU.(3),
which gives a factor Cp = 2.

The vector and axial-vector mesons p and A; show up as resonances 7 and 7p channels. In the quark-model they
are antiquark-quark systems, and a calculation similar to that for the qg-system in this paper applies to them as well.
In this view the p and A; propagators are effective ones just as for the diquark. Hence, likewise we can represent
diquark exchange by an effective propagator

(M — kuku/mi)
k2 — mi + i€

i(A)%° (k) = +2i6ap

nv

where m, is an effective mass = 2mg. We note the (-)-sign difference with a p and A, propagator which is explained
in these notes. Therefore, the derivation in these notes confirms the repulsive diquark potential used in [7] succesfully
for mixed nuclear-quark matter, without any ambiguity.

A second proton current 1(?(x) is treated in Appendix C 1 and contains a scalar x%(x) and a pseudoscalar xg(x)
diquark field, which introduces extra N DQ-vertices. They lead to a scalar and pseudoscalar NQ-potential. The
scalar field allows the appearance of a condensate (0|xs|0) # 0 [17], a possibility studied extensively in the literature.
Whereas for the axial-vector diquark-exchange we found a repulsion in all partial waves, for the scalar-pseudoscalar
diquarks the QN-potentials are a mixture of attraction and repulsion.

APPENDIX A: DIQUARK FEYNMAN-PROPAGATOR AND WICK-EXPANSION

Diquark Feynman-propagator:

The diquark field Feynman propagator is
i(Ap) (e —2) = (0T [x(«")x,  (2)] 0) (A1)
where the diquark fields are
Xi(@) = @(@)Crug(@) e, Xl () = =" (2)7,C ¢ (x) e (A2)

The Wick-expansion of the T-product into normal-ordered N-products for the operators A,B,C, and D
occurring in (A1) reads, in the notation of [4],

T(ABCD) = N(ABCD)+ N(AB CD)+ N(AB CD) + N(AB CD) — N(AC BD)+ N(AD BC)
= —N(AC BD)+ N(AD BC),

where the terms in the last line survives after taking the vacuum expectation value. In the notation of
[3] this reads

T(ABCD) = : ABCD : +(0|T(AB)|0) : CD : + : AB : (0|T(C'D)|0) + (0|T)(AB)|0){|T(CD)|0)
—{0]T'(AC)[0)(0[T(BD)|0) + (0T (AD)|0){0|T'(BC)[0)
= —(0|T(AC)|0){0[T'(BD)[0) + {0|T'(AD)[0){0|T(BC)|0)

So,

i(Ap) (' —2) = (0T [xj(a")x! (2)] |0)
<= —(0]T(AC)[0){0[T(BD)|0) + (0] T(AD)[0) (0] T(BC)|0)

since in our case (0|T'(AB)|0) = (|T(CD)|0) = 0. for the evaluation of these see Eqn. (3.4).
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Q Q Q Q
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FIG. 4: Scalar Diquark-exchange and Meson-exchange. Panel (a): diquark exchange. Panel (b): antiquark-quark exchange.

APPENDIX B: COMPARISON SCALAR DIQUARK-EXCHANGE AND MESON-EXCHANGE

For meson-exchange we have an antiquark-quark state
V() = ()’ (@)™, P (z) = ¢ (x)q°(x) * = —q°(x)q” (x)e*.
Then for the propagator
(O[T [ (@")9*(2)] [0) = —e*%e**S (0T [g°(2")¢" (=) - 3° (=) ¢ ()] |0) —
+ereled (0IT [¢*(a’ )@e(w)} 0)(OIT [¢” (2)g°(«")] |0)

The color factor becomes —i—e“c‘iebef&deécf = —264p, S0, we get

(0|7 [(a")9" (2)] 10) = ~20as(0|T [q(2")q(x)] 10)(OIT [q(x)q(z")] |0)

which differs indeed a (-)-sign with the corresponding (3.3). Since the rest of the calculations are identical this results
in an overall (-)-sign.
The difference between a meson and the diquark is the assumed absence of a bound state. In general, see e.g. [6],

p(s) = Z6(s —m3) + o(s) (s — 4m3)
with Z > 0 and o(s) > 0 and
1—Z:/ dso(s), 0<Z<1.
4m2R

Because of the positive signs of both terms the presence or absence of a bound state for a vector, axial-vector, etc
mesons makes no difference.

Conclusion: For the antiquark-quark exchange we get an extra (-)-sign compared to the diquark-
exchange.

APPENDIX C: SCALAR AND PSEUDOSCALAR DIQUARKS

In [17] a new form of ordering at high density, with color and flavor degrees of freedom correlated, where a condensate
of scalar diquarks occurs. Therefore, we work out the exchange of such diquarks and introduce the isoscalar scalar
field ® In [2] three representations of the proton as a three-quark system are discussed. For the representation with

5 Since y9Cryo = —C the x*(z) is a scalar field.
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(qTq)

b, q2 ¢ 43

a, qi

A

®

cgabc

FIG. 5: Di-quark-Quark-Nucleon vertex, Di-quark condensate @bfq > with I' = C~ys from Cooper-pairing.

the axial-vector xf (z), we used the nMW-current. Here we analyze the second current

n® = @Co,,ul)o"" y5d°c? = —4 [(@hCdR)uG — (Ui Cdy )ug] e
= =2 [(ﬂaC%db) u + (ﬂ“Cdb) ’yg,uc] £ = —2 [x%u® + xtu], (C1)

Note that in the first step u ++ d interchange has been performed using a Fierz-transformation in Dirac and isospin
space. This current contains the composite diquark combinations

X§ = (@ Cysd )™, x8& = (W0Cd°)e™, (C2)

where \% has spin-parity J©¢ = 0*F and x¢ has JP¢ = 0=+, Furthermore, ud = [|1,1/2) +[0,1,2)]/V2 i.e. a
combination of I=0,1. In quark matter a condensate with (0|xs|0) # 0 is possible, see [17] and the illustration in
Fig. C3.

The interaction Lagrangian for the NDQ-transition is

LY = —x{dn® + @y}
= 220 {¥ [x&(2)u(z) + X2 (x)u®(2)] + h.c.} . (C3)
X&(@) = T (@)Cra’(x) e, (@) = —g°(2)7507 () 7. (C4)

Following the same steps as for the xj(x) propagator, analogous to (3.6) we have

Xs = 40aTr [y5 (iv - 0¥ + mq) vs (iv - 0° — mq)] Ap(y) - Ap(z)
= 400 Tr [a30405 — m3)] Ap(y) - Ap(2)
= —1684 [—0402 + mg)] Ar(y) - Ap(2), (C5)

and

X5 = 40 Tr [(iy-0Y +mgq) (iy- 07 —mg)] Ar(y) - Ar(z)
—48ap Tr [1070405 + WQQ} Arp(y) - Ar(z)
= —160a 0402 + m3)] Ap(y) - Ar(2), (C6)

where the differentiation variables, which in the end will be put to y = 2z = 2’ — .
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1. Scalar Diquarks

The spectral representation of the Diquark Feynman propagator is
i(Ap)sa(@ —z) = (0T [x*(a")x" ()] |0) = Z/ ds (Ap)a(z’ —);s) p(s). (C7)
El)

In momentum space the propagator leads to the integral

B 4 4 _ _
Is(k;m) = / (;lwl;l / (3734 (2m)46%(p+q — k) p-q+ m2] X [p2 —m?+ el ! [q2 —m?+ ie] " (C8)

Following same steps below Eqn. (4.5) leads now to
dz1dzs [ 21 2120k 2]
= — —_ + —+ mi .
Z 1671'2 / / (z1+22)2 | (21+22) (214 22)?

X exp {z {k?ﬂ — (m? —i€) (21 + zz)} } . (C9)

z1+ 22

Now, see [3], Eqn. (8.17),

/ /oo ledZQ |: 2 7 k22122 :|
m —_— —_— .
(21 + 22)2 (z1+22) (214 22)?

. 2122 .
xexp {i |22 (2 —ie) (1 + ]}:o. c10
XPH (-0 + ) (C10)
So, under the integral the linear combination
P S S i (C11)

(Zl + 2’2) (2’1 + 22)2

and we have three equivalent expressions for I5 (k):

O Isk) = =3 15 / / z(fzidzzj [Qm? - <z13+zz{z>} '
X exp {z [ﬁszz — (m? —i€) (21 + 22)} } (C12a)
() Isth) = — Z 672 / / z(fzid;z [_ & ; 2t (zlzf;zﬁ} '
X exp { [1& fo; — (m? —i€) (21 + 22)} } (C12b)
X exp {z [k2 fo; — (m? —ie)(z + 22)} } . (C12¢)

Using the identity (4.10) in I wv(k) and subsequently scaling z; — Az;, one gets for (iii) the expression

Is(k) = 162 267 /0 /0 dz1dze 6(1 — 21 — 29) /o Y [32122k2 ,m?] .

x exp [iA (2122k2 —m? + i€)] . (C13)
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The M-integral diverges logarithmically and is evaluated by applying the cut-off procedure by choosing C; = —1,C; =
0 (¢ > 1). This gives

Is(k) = Ig(k;m?®) — Is(k; M?)
72‘(1671'2)71 Zci / / ledZQ 5(1 — 21 — Zz) [3212’2]{72 — mﬂ .
i 0 0

Q

X /000 % exp [i\ (z122k% — m7 + ie)] (C14)
1 1

= +(167%)7! ch/ dz [32(1—2)k* —mi]In[1 — 2(z — 1) k*/m7] (C15)
i=0 70

where in the last step we scaled A — m?\. Working this further out we get

Is(k) = +(16772)_1/01dz {[32(1—z)k2] 1n{11_j((11_;)]]:§//]\”;22}

—[m*In {1 —2(1 - 2)k*/m*} — M*In {1 — 2(1 — z)kQ/MQ}]} (C16)

Using the approximation In(1 — a/m?) ~ —a/m3 for m; = m, M we obtain

Ts(k) ~ +(3/167%) /0 o1 ) (mjnf_j o [A”;:ZZ%:?)’ZZD
~ +(3/167%) /0 e 21— 2 <m?§ —h [m—ﬂf—mb
_ +(3/16W2)k2{%m%_j - /0le 2(1-2) In [#ﬁ_z)k?” (C17a)

Since for the nucleon-quark vertex k* ~ (my — mg, k) we take k? = (my — mg)? in the front factor. The z-integral
is

_ [ | 1+I—44 5
L(k) = /0 dzz(1—2)In[1—2(1-2)k /m]—é{(1+2A)\/1—4A In m —(4A+§>}.

where the Io-integral has been taken from (4.15) and A = m?/k?. So, we finally get
Is(k) ~ +(3/167%)k? I,(k) (C18)

The (unrenormalized) diquark propagator becomes

i(AP), 0 = —% k2 x Uol dz 2(1—2) In (1—2(1—z) Z—Zﬂ S, (C19)

2

The x“-field used thus far is not normalized to dimension [MeV]. We now normalize by redefining x*(x) — x*(z)/m; -

Then, the "unrenormalized” propagator becomes

31
2

(AR sanlk) = —20 (k2/m?2) x Uol dz 2(1—2) In (1 C (-2 "‘3—2” S (C20)

m2

which gives for the "renormalized propagator”, i.e. the finite part 6,

~ i k% o[ 2m? 4m? -1
. — _ 1— 2 _ ) .
i(AF)s.ab(k) 53 _mi " ds (1 + . > . [s (k* — s +i€)|  dap (C21)

6 This dispersive method of ”renormalization” is from [15], and is an alternative to the Pauli-Villars method.
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In the process N — @ + D we approximate k% ~ k2 ~ (my — mQ) valid for low-momentum transfer.
The spectral representation of the Diquark Feynman propagator is

iAr)sala’ =) = OF [ @R@] 0 =i [ ds (Ar)sale’ = a:5) pls)
4m
2
. my —m
= —ibap (NTXQ> D(z' — z;my, A). (C22)
The Fourier transforms, with m, ~ 2mg, are
Dk m2) = — / ds p(s) Ap(k2, A% s), (C23a)
4m?
Q
~ o 9 -1 1 2m? 4m?
Lo) — _ =—[1+ = 1——/s. 2
Ap(k*;s) [k —s+ie] , p(s) 192 ( + S ) . /s (C23b)
With /s = E(q) = y/q? + m2 we have for space-like k* = —k?
E(k2,mi) = 477/0 ¢ dq p(s) Ap(K%, A% s), (C24a)
Ap(k®A%s) = exp [-K2/A%] K2+ @ +m2] ", (C24b)
where we added a gaussian form-factor as usual in the Nijmegen potentials. In configuration space
Do) = [ ds o) | ot (o). s ) (©29)
4mg, 4m

where m(s) = (/s —m2.

Approximating the propagator with an effective one for k? < 0,

E)sm > — (ANQ>2 F(k?) (ANQ>2 exp(—k2/A2)’ (C26)

2 _m2 44 2 1 ;2
My k? —m3 + i€ My k? +m3,

where A[?\,Q] =m3 — mé, and mi = mi — A?\,Q > 0, the scalar diquark-exchange, see Fig. 3, gives the QN-potential,
see e.g. |12],

_ _o _o 4
_ 2 My my 1 my my .
Von(r) = +Ag i { [@bc —m ¢(;| + 42771 PoL- S+ 16mNm2Q
mN mQ 0 1

g — L

( ) ——507Q12 + [ I ] bs0 2(0'1 o2)
1
e (V2oe + ¢ V2)} (C27)

and with a factor (1+ 7 - 12)/2 = 2T — 1. For NQ — QN this gives for S-waves, averaging over the spin with factors
1/4 and 3/4 for the singlet and triplet respectively, the spin-isospin factor is -1/2, which gives attraction.

2. Pseudoscalar Diquarks

The spectral representation of the Diquark Feynman propagator is

i(AR)sa(@ — ) = (O [xé@)xd @) j0) = i / " s (Ar)an(a’ — 2)i5) o). (C28)

50

In momentum space the propagator leads to the integral

_ 4 —1 —1
Is(k;m) = / (3;];4 / (;:)14 @em)'stp+q—k)[-p-qg+m?] x [p*—m?+ie] " [¢* —m®+ie] . (C29)
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Following same steps below Eqn. (4.5) leads now to
ledZQ |: 21 2122k2 2
= —i + - +m
Z 167T2 / / (z1+22)%2 | (214 22) (21 +22)2

X exp {z [kﬁﬂ — (m? —i€) (21 + 22)} } . (C30)

21+ 22

.

Similar to (C13) we now get

+3i 0 d\ .
Is(k) = Ej dzidzs 6(1 — 21 — A2k —m?] -
Is(k) 6 / / z1dz 6(1 — 21 — 22) /O 3 [z120k — m?]

X exp [z)\ (z122k% — m7 + ie€)] . (C31)

Analogous to the scalar case treated above, the finite part

L i k2 [ 2m? 4m?2 5 11
Z(AF)S,ab(k) = +ﬁm—>2( /4"12 ds (1 + T) 1-— T [5 (k — S+ ZG)] 5(117' (032)

and we can follow the same steps (C22) — (C25) giving for the ”effective” propagator

N (ANQ)2 (k) <ANQ>2 exp(—k?/A%) (C33)

2 _ ;2 44 2 L 52
My k* —m3 +ie My k? +m3

Il

(A(K))s5,a0

which is analogous to (C26).
Then, the pseudoscalar diquark-exchange, see Fig. 3, gives the QN-potential, see e.g. [12],

Von(r) = —A21x [L (1(al-az)¢g(r)+sm¢%) P,. (C34)

5 4 4QON 3

and with a factor (1+7 - 72)/2 = 21 — 1. This gives, with m,, = 2mg, for NQ — QN in 1Sy a coupling +A2/3 and in
381 a coupling +)2/3. So, repulsion for S-waves. We notice that the volume integral of this potential is zero, which is
different from XZ—exchange. Therefore, it is expected to be weaker than the axial-vector and scalar diquark-exchange
potential. Note that from (C3) the scalar and pseudoscalar couplings are equal: Ag = A5 = 2.
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