THEF-NIJM 90.07

Soft Two-Pion-Exchange Nucleon-Nucleon Potentials^{∗ †}

Th.A. Rijken Institute for Theoretical Physics, University of Nijmegen, Nijmegen, the Netherlands

Abstract

Two-Pion-Exchange nucleon-nucleon potentials are derived for the Pseudo- Vector pion-nucleon interaction, assuming strong dynamical pair-suppression. At the pion-nucleon vertices we include Gaussian form factors, which are incorporated into the relativistic two-body framework by using a dispersion representation for the One-Pion-Exchange amplitude. The Fourier transformations are performed using a factorization technique for the energy denominators. This leads to analytic expressions for the TPE-potentials containing at most one-dimensional integrals. The TPE-potentials are calculated up to orders f^4 and (m/M)f^4. The terms of order f^4 come from the adiabatic contributions of the parallel and crossed three-dimensional momentum-space TPEdiagrams, and from the non-adiabatic contributions of the OPE-iteration. The (m/M)-corrections are due to the 1/M-terms in the non-adiabatic expansion of the nucleon energies in the intermediate states, and the 1/M-terms in the pion-nucleon vertices. The latter are typical for the PV-coupling and would be absent for the PS-coupling. The Gaussian form factors lead to soft TPE-potentials. These potentials can readily be exploited in NN-calculations in combination with e.g. the Nijmegen soft-core OBE-model, and in nuclear (matter) calculations.

Typeset using REVTEX

∗Published in Ann. Phys. (N.Y.) 208 (1991), 253–298

†Revised version, January 2002

I. INTRODUCTION

Since the forties there has been much activity in calculating the Two-Pion-Exchange (TPE) corrections to the One-Pion-Exchange (OPE). An excellent review of the literature before 1960 as well as an expert survey of the physics involved can be found in [1]. Two-Pion- Exchange-Potential’s (TPEP’s) with Gaussian form factors have not been dealt with systematically in the literature. They have, however, been used in the fifties in the Gartenhauspotential [2]. More recently, they have been exploited extensively in One-Boson-Exchange (OBE) potentials for nucleon-nucleon [3] and hyperon-nucleon [4] scattering. These so-called soft-core OBE-models are based on the Reggeon picture of hadrons and hadronic interactions [5,6], where Gaussian form factors emerge most naturally.

In [7], we have argued that the soft-core OBE-model is qualitatively in accordance with the important modern viewpoints in strong interactions: Regge-phenomenology, the QCDpicture, the non-relativistic quark-model, and chiral-symmetry. For example, it is consistent with the results of the soft-pion theorems for low-energy pion-nucleon scattering [8]. The large contribution to the πN-scattering-length a^+_0 from ε-exchange is cancelled by the contribution from Pomeron-exchange, and no nucleon-antinucleon pair-terms are needed.

In this paper we use these modern viewpoints as general guidelines and derive TPEP’s with Gaussian form factors. We show in detail how Gaussian form factors can be incorporated in TPEP’s, starting from the relativistic interaction theories. Also, the objective of this work is to prepare an extension of the OBE-model of ref. [3], where the Two-Pion- Exchange-Potential (TPEP) is included. Hence, we derive configuration space TPEP’s for the Schrödinger equation. The results are TPEP’s that are soft at small distances, and which can be used not only in nucleon-nucleon, but e.g. also easily in nuclear and nuclear-matter calculations.

An important issue has always been whether or not nucleon-antinucleon pairs are dynamically suppressed [9] in the pion-nucleon or, more general, in the meson-nucleon interaction. This so-called ‘pair-suppression’ would imply that the nucleon off-mass-shell effects are small. From the point of view of the non-relativistic quark-model, pair-suppression seems rather natural [10]. Moreover, it is supported by large-N considerations in QCD [11]. Phenomenologically, for the pion-nucleon interaction we have at our disposal the PS-coupling and the PV-coupling. The PS-coupling means strong pair-terms, whereas the PV-coupling means weak pair-terms. Whether with a simple PV-coupling the pair-suppression is realized sufficiently is an open question. As a working hypothesis, we assume that there is a strong dynamical pair-suppression and leave out all pair-contributions to the TPEP. In effect, it practically amounts to the choice of the PV-coupling. For the latter, the one-pair and the two-pair terms are rather weak, they are respectively of order (m/M)f^4 and (m/M)^2f^4. (Given the general arguments for pair-suppression above, we guess this to be true for all meson-nucleon interactions [12].)

The foregoing remarks fit in very well with the picture which emerges from the effective pion-nucleon interaction in the non-linear realization of chiral-symmetry [13,14]. When the ρ-meson is included in the chiral-symmetric Lagrangian, there no longer appears a scalarcoupling quadratic in the pion field. As is well known strong quadratic coupling is characteristic for the PS-coupling after an equivalence transformation [15]. In fact, the expansion of the Schwinger-Weinberg Lagrangian [14], keeping in principle terms to second order in the pion field, gives only a PV-coupling linear in the pion field. In tree-approximation, this Lagrangian satisfactorily accounts for the low-energy parameters of the reactions involving pions.

The derivation of the TPEP starts from the relativistic two-body equation [17,19], where the interaction kernel is given by the two-nucleon-irreducible Feynman diagrams. These are the diagrams with at most two-pions in the intermediate states. We apply the procedure of Salpeter [20] to the relativistic two-body (two-nucleon) equation by performing the energy integrations. This leads to the three-dimensional integral equation of Thompson [21], a definition of the interaction kernel, and a definition of the wave-function.

The particular procedure we use, was given by Klein [22,23]. Here, in principle, an ansatz is made for the relative-energy dependence of the two-body wave-function. Since however, in the derivation of the TPEP we may restrict ourselves to reproduce the Feynman graphs up to order f^4, we apply in reality the Klein ansatz only to the free two-body wave-function, where this is easily seen to be correct. In doing the energy integrations, we avoid the occurrence of more than one energy integration-variable in any propagator of the Feynman integrals. This is achieved by introducing, where necessary, new variables using δ-functions and using for the latter a familiar integral representation. This way we arrive at the ‘old-fashioned perturbation’ diagrams in a straigthforward and unambiguous way. (This is in contrast to the evaluation of the energy-integrals in the original paper [22]).

The procedures, indicated above, are first carried out for pointlike vertices. Then, we generalize the results for the presence of the Gaussian formfactors. In doing this, we employ the dispersion representation of the OPE-amplitude. The generalization on the level of the ‘old-fashioned perturbation’ diagrams is then rather straightforward. This seems the only practical way to incorporate Gaussian form factors. To do the calculations directly for Feynman diagrams is not so simple in that case. For instance, the Feynman integrals for the box-diagrams with form factors, which have a Gaussian behavior for space-like momentum transfers, can not be evaluated in the usual way.

In carrying through the analytic derivation of our formulas, we improved a technique already used by Levy [24], which enables us to express the potentials in one-dimensional integrals over products of the OPE-functions already given in [3].

The diagrams which we calculate are: (i) the parallel and crossed TPE-diagrams that have been calculated e.g. by Brueckner and Watson [25]; and (ii) the iterated OPE-diagrams calculated by Taketani, Machida, and Ohnuma [26]. Although these calculations are generalized, using Gaussian form factors at the vertices instead of point-couplings, we still refer in the following to the corresponding potentials as the BW- and TMO-potentials. Although pair-diagrams are totally absent in this work, our methods are, of course, fully adequate to treat the pair-diagrams which have occurred in the literature [25,27,28].

The potentials are calculated up to orders f^4 and (m/M)f^4. The leading terms are the so-called ‘adiabatic’ ones [29]. The (m/M)-corrections come from (i) 1/M-terms of the pionnucleon interaction (‘vertex-contributions’), and (ii) from the 1/M recoil terms in the energy denominators of the intermediate states (‘non-adiabatic contributions’). The terms of still higher order in m/M we neglect. They become comparable with f^6-terms, which correspond to the three-pion exchange potentials. The latter are not considered in this paper.

In carrying through the calculations, we have ignored purely off-energy-shell contributions to the potentials. In principle these could be included as well, but this would make the algebra more cumbersome.

In defining the PV-coupling constant we follow [30] and take as scaling mass the charged pion mass, denoted by m_π. We do not distinguish between the different nucleon masses (denoted by M) or between the different pion masses and coupling constants. So our results are SU(2)-symmetric. The (average) pion-mass is denoted by m. In sections III - VII we leave out the isospin indices. In sections VIII and IX the proper isospin factors are added, i.e. 2 − 3τ_1 · τ_2 and 2 + 3τ_1 · τ_2 for respectively the planar and the crossed diagrams.

The contents of this paper is arranged into ten sections and five appendices. Section II reviews the pion-nucleon interaction in the context of the Schwinger-Weinberg Lagrangian. Here we also make some remarks on the form factor and discuss a covariant phenomenological description of dynamical pair-suppression. In Sections III and IV the general approach within the framework of relativistic quantum mechanics is presented. Especially the connection between the relativistic two-body equation description and that of the threedimensional formalism is reviewed. In Section V and Appendix A the One-Pion-Exchange and Two-Pion-Exchange kernels are derived for point-interactions. In Section VI and Appendix B, the procedure to include the Gaussian form factor is described. In particular, in Appendix B the factorization technique for the energy-denominators is given. In Section VII and Appendix C the potential for the Lippmann-Schwinger equation is defined and the expansion of the energy denominators for the intermediate states are discussed. In Section VIII and IX, using Appendices B and D, the TPEP for the BW-graphs and TMO-graphs are derived. In Section X we give the results and compare the TPEP’s of this work with the literature. We use for that purpose the corresponding potentials in the point-coupling limits, which are given in Appendix E. Also we discuss briefly the (minor) changes in the TPEP that have to be made, if one assumes PS-coupling in combination with strong dynamical pair-suppression.

II. THE PION-NUCLEON INTERACTION

A major development in the theory of the pion-nucleon interaction has been the construction of SU(2)×SU(2) chiral-symmetric Lagrangians, see e.g. [13,14]. Considering the two ways of chiral-symmetry realization, the linear and the non-linear one, the second seems the most natural. This because in QCD, broken-chiral-symmetry is realized in the Nambu- Goldstone mode [31]. The pion is supposed to play the role of the Golstone boson connected with the SU(2)×SU(2)-symmetry breaking of the vacuum. In the linear realization of chiralsymmetry one has PS-coupling and one needs a σ-field, e.g. in order to generate the nucleon mass. However such a particular link between chiral-symmetry, the nucleon mass and eventually the scalar mesons seems rather naive and too restrictive. Therefore we choose for the discussion of the pion-nucleon-vertex the effective Lagrangian in the nonlinear realization, which has been constructed by Schwinger and Weinberg [14]. As mentioned in the Introduction, this Lagrangian satisfactorily accounts for the low-energy parameters of reactions with pions.

In linear approximation, local chiral-symmetry leads to the effective Lagrangian [14]

L = iψ̄^′γ_μD^μψ^′ − Mψ̄^′ψ^′ − f m_π ψ̄^′γ_5γ_μτ ψ^′ · (D^μφ − m_AA^μ) (2.1) where ψ^′ is the nucleon field, m_π is the charged pion mass, f is the pion-nucleon PV-coupling constant [32], and A_μ is the axial-vector meson field. In the Lagrangian (2.1) the chiralcovariant-derivatives are given by [33]

D_μ = ∂_μ + i 2 gτ · ρ_μ , D_μφ = � ∂_μ + igρ_μ × φ � . (2.2)

Here g = m_ρ/( √ 2f_π), where f_π is the pion-decay constant, which is related to the pionnucleon coupling f by the Goldberger-Treiman relation [34] 1 2f_π = � � � � � G_V (0) G_A(0) � � � � � � f m_π � . (2.3)

where |G_A/G_V | ≈ 1.26 and f_π ≈ 93 MeV [30].

The interaction terms in the Lagrangian (2.1) describe the low energy s-wave pionnucleon scattering very well. For a closer discussion of these terms see [14].

Moreover, the Lagrangian (2.1) is part of a Lagrangian (see e.g. [35] for full details), which represents a non-linear realization of SU(2)×SU(2) chiral-symmetry and which describes also the very low energy pion-pion.

Since our interest is restricted to the TPEP, we keep only terms which contain the pion field. The remaining pion-nucleon interaction Lagrangian is then solely the PV-coupling term

L_I = − f m_π ψ̄γ_5γ_μτ ψ · ∂^μφ . (2.4)

When the πNN-form factor F (x^′ − x) is included, the interaction density becomes modified

L_I (x) = � d^3x^′ F (x^′ − x)L_I (x^′) . (2.5)

The potentials in momentum space are the same as for point interactions, except that the coupling constants are multiplied by the Fourier transform F (k^2) of the form factor, where k is the momentum transfer at the πNN-vertex. We use for space-like momentum transfers a Gaussian parameterization of the form factors in the OPE-amplitudes, i.e. F (k^2) ≈ exp(−k^2/Λ^2). Until section VI we treat the point-coupling limit of the interactions, which makes the discussion less complicated. In section VI we implement the Gaussian form factors by employing a dispersion representation for the OPE-amplitude, valid for all momentum transfers. The interaction Hamiltonian density is

H_I = (f/m_π) ψ̄γ_5γ_μτ ψ · ∂^μφ − 1 2 (f/m_π)^2(ψ^∗γ_5τ ψ)^2 . (2.6)

The last term in the Hamiltonian is the so-called ‘contact’-term, whose appearance is a general feature of theories where the interaction Lagrangian contains derivatives. It gives no contributions to the Green functions or the potential, since it is compensated by the noncovariant piece in the contraction

⟨0|T (∂_μφ(x)∂_ν φ(y))|0⟩ = ∂^x_μ ∂^y_ν ⟨0|T (φ(x)φ(y))|0⟩ − ig_{μ0}g_{ν0}δ^4(x − y) . (2.7)

As stated in the Introduction, we use the hypothesis that pair-suppression is operating in nature. Therefore, we neglect the transitions between positive- and negative-energy solutions. Phenomenologically, a covariant form of pair-suppression can be introduced easily in principle. For example, consider the πNN-vertex in momentum space

Γ^′_5(p^′, p) = exp[a(γp^′ − M)]Γ_5(p^′, p) exp[a(γp − M)] , (2.8)

where a is a free parameter and Γ_5(p^′, p) is the PV- or the PS-vertex. By taking a large and positive, the off-mass-shell effects can be suppressed strongly. In that case, the pair-terms i.e. the so-called Z-diagrams can be neglected. Of course, the QCD and non-relativistic quark-model arguments in favor of this, are quite general and hold also for the vector-, scalar-, etc. mesons. In that situation, a calculation with the Thompson-equation, neglecting the coupling to negative-energy states, becomes more physical than a calculation with the Bethe-Salpeter equation without off-mass-shell suppression.

Based on the discussion of the πNN-vertex in the Introduction and in this section, we come to the following aproximate treatment of pair-suppression. We do not use a form of a type similar to (2.8) explicitly. Instead, we use the simple PV-coupling but neglect the transitions between the positive and negative energy states.

III. RELATIVISTIC TWO-BODY EQUATION

We consider the nucleon-nucleon reaction

N_a(p_a, s_a) + N_b(p_b, s_b) → N^′_a(p^′_a, s^′_a) + N^′_b(p^′_b, s^′_b) . (3.1)

Introducing the total and relative four-momentum for the initial and final state

P = p_a + p_b , P^′ = p^′_a + p^′_b , p =^1_2 (p_a − p_b) , p^′ =^1_2 (p^′_a − p^′_b) ,

(3.2)

we have in the center-of-mass system (cm-system) for a and b on-mass-shell

P = (W, 0) , p = (0, p) , p^′ = (0, p^′) . (3.3)

In general, the particles are off-mass-shell in the Green-functions. In the following, the onmass-shell momenta for the initial and final states are denoted respectively by p_i and p_f . So, p_{i0} = E(p_i) = � p^2_i + M^2 and p_{f0} = E(p_f ) = � p^2_f + M^2. Because of translation-invariance P = P^′ and W = W^′ = 2E(p_i) = 2E(p_f ).

The two-body relativistic scattering-equation reads

ψ(p, P ) = ψ^0(p, P ) + G(p; P ) � d^4p^′ I(p, p^′) ψ(p^′, P ) , (3.4)

where ψ(p, P ) can be expressed as a 4 × 4 matrix in Dirac-space, the interaction kernel is denoted by I, and G is the two-particle Green-function. The contributions to the kernel I come from the two-nucleon irreducible Feynman diagrams. For the inhomogeneous term we have ψ^0(p^′) ∼ δ^4(p^′ − p_i). In writing (3.4) we have separated off an overall δ-function describing the conservation of the total four-momentum.

The two-particle Green-function is

G(p; P ) = i (2π)^4 � 1 γ(^1_2 P + p) − M

�_{(a)} � 1 γ(^1_2 P − p) − M

�_{(b)}

. (3.5)

The projection operators Λ_+(p) and Λ_−(p) on the positive- and negative-energy states are Λ_+(p) = � s u(p, s) ⊗ ū(p, s) , Λ_−(p) = − � s v(p, s) ⊗ v̄(p, s) . (3.6)

For particles on the mass shell, i.e. for which p_0 = E(p), one has 2MΛ_±(p) = M ± p/. The propagator of a spin-^1_2 particle off the mass shell can be expressed as follows

p/ + M p^2 − M^2 + iδ = M E(p) � Λ_+(p) p_0 − E(p) + iδ − Λ_−(−p) p_0 + E(p) − iδ � . (3.7)

Therefore, in the cm-system, where P = 0 and P_0 = W , the Green-function can be written as G(p; W ) = i (2π)^4 � M E(p)

�_2 · � Λ^a_+(p) W/2 + p_0 − E(p) + iδ − Λ^a_−(−p) W/2 + p_0 + E(p) − iδ �

× � Λ^b_+(−p) W/2 − p_0 − E(p) + iδ − Λ^b_−(p) W/2 − p_0 + E(p) − iδ � . (3.8)

Multiplying this out we write the ensuing terms in shorthand notation

G(p; W ) = G_{++}(p; W ) + G_{+−}(p; W ) + G_{−+}(p; W ) + G_{−−}(p; W ) , (3.9)

where G_{++} etc. corresponds to the term with Λ^a_+Λ^b_+ etc. Introducing the wave-functions (see [20])

ψ_{rs}(p^′) = Λ^a_r Λ^b_sψ(p^′) (r, s = +, −) , (3.10)

the two-body equation (3.4) can be written for e.g. ψ_{++} as

ψ_{++}(p) = ψ^0_{++}(p) + G_{++}(p; W ) � d^4p^′ ·

× [I(p, p^′)_{++,++}ψ_{++}(p^′) + I(p, p^′)_{++,+−}ψ_{+−}(p^′)

+ I(p, p^′)_{++,−+}ψ_{−+}(p^′) + I(p, p^′)_{++,−−}ψ_{−−}(p^′)] . (3.11)

Invoking now ‘dynamical pair-suppression’, as discussed in the Introduction, (3.11) reduces to a four-dimensional equation for ψ_{++}, i.e.

ψ_{++}(p^′) = ψ^0_{++}(p^′) + G_{++}(p^′; W ) � d^4p I(p^′, p)_{++,++}ψ_{++}(p) , (3.12) with the Green-function

G_{++}(p; W ) = i (2π)^4 � M E(p)

�_2

Λ^a_+(p)Λ^b_+(−p) · × 1 [^1_2 W + p_0 − E(p) + iδ] 1 [^1_2 W − p_0 − E(p) + iδ]

. (3.13)

IV. THREE-DIMENSIONAL EQUATION

In this section we apply the procedure of Salpeter [20] and perform the p_0-integrations. Therewith we follow closely the method of Klein [22]. This way we gain a clear definition of the potential. Specifically, the rules for the derivation of the two-pion-exchange potential can be established in this way.

Following [20] we define the three-dimensional wave-function by

ϕ(p) =

E(p) M �_∞ −∞ ψ(p_μ)dp_0 . (4.1)

where the E/M-factor is introduced to have the non-relativistic normalization for ϕ. The aim of this section is to derive an equation for ϕ(p) from the equations for ψ in the foregoing section. This is in general not possible, because we do not know the p^′_0-dependence of ψ in these equations. It was shown by Salpeter [20] and by Levy [29], that if one restricts oneself to the ladder approximation and assumes a static potential, then without further approximation a three-dimensional equation holds for ϕ(p). Klein [22] improved on this by making the following ansatz for the p^′_0-dependence of ψ(p^′_μ)

ψ(p^′_μ) = M E(p^′)

A_W (p^′_μ)ϕ(p^′) , (4.2)

where

A_W (p^′_μ) = − 1 2πi � 1 1 2 W + p^′_0 − E(p^′) + iδ + 1 1 2 W − p^′_0 − E(p^′) + iδ �

= − 1 2πi (W − 2E_p′ ) [F_W (p^′, p^′_0)F_W (−p^′, −p^′_0)]^{−1} . (4.3)

We have introduced in the second expression the, frequently used, notation

F_W (p, p_0) = p_0 − E(p) + 1 2 W + iδ . (4.4)

For dealing with the scattering problem, it is important to notice that this also holds for the free wave-function ψ^{(0)}(p^′_μ). Leaving aside for a moment the free particle spinors one has

ψ^{(0)}(p^′_μ) ∝ δ^4(p^′ − p_i) = δ(p^′_0 − p_{i0}) δ^3(p^′ − p_i) = A_W (p^′) δ^3(p^′ − p_i) . (4.5)

Using (4.3) for the p_0-dependence in (3.12), one can perform the p_0-integration of both the left- and right-hand side, which leads to a three-dimensional equation for ϕ(p^′)

ϕ_{++}(p^′) = ϕ^{(0)}_{++}(p^′) + E^{(+)}_2 (p^′; W ) � d^3p K^{irr} (p^′, p|W ) ϕ_{++}(p) , (4.6)

where the Green function is defined as

E^{(+)}_2 (p^′; W ) = 1 (2π)^3

Λ^a_+(p^′)Λ^b_+(−p^′) (W − 2E(p^′) + iδ)

, (4.7)

and where the kernel is given by

K^{irr} (p^′, p|W ) = − 1 (2π)^2

M^2 E(p^′)E(p)

(W − 2E(p^′))(W − 2E(p)) ·

× �_{+∞} −∞ dp^′_0

�_{+∞} −∞ dp_0 � {F_W (p^′, p^′_0)F_W (−p^′, −p^′_0)}^{−1} ·

× [I(p^′_0, p^′; p_0, p)]_{++,++} {F_W (p, p_0)F_W (−p, −p_0)}^{−1} � . (4.8)

Notice that (4.6) is known in the literature as the Thompson equation [21].

The M/E-factors in (4.8) are due to the difference between the relativistic and the non-relativistic normalization of the two-particle states. In the following we simply put M/E(p) = 1 in the kernel K (Eq. (4.8)). The corrections to this approximation would give 1/M^2-corrections to the potentials, which we neglect. Also in Appendix C we neglect the difference in normalization.

The contributions to the two-particle irreducible kernel K^{irr} up to fourth order in the pion-nucleon coupling constant are given by the diagram of Fig. (1) and diagram (b) of Fig. (2). For the definition of the TPE-potential in the Lippmann-Schwinger equation we shall need the complete fourth-order kernel for the Thompson equation (4.6). In operator notation, we get from (4.6)

ϕ_{++} = ϕ^{(0)}_{++} + E^{(+)}_2 K^{irr} ϕ_{++}

= ϕ^{(0)}_{++} + E^{(+)}_2 � K^{irr} + K^{irr} E^{(+)}_2 K^{irr} + .... � ϕ^{(0)}_{++} ≡ � 1 + E^{(+)}_2 K � ϕ^{(0)}_{++} , (4.9)

which implies for the complete kernel K the integral equation

K(p^′, p|W ) = K^{irr} (p^′, p|W ) + � d^3p^{′′} K^{irr} (p^′, p^{′′}|W ) E^{(+)}_2 (p^{′′}; W ) K(p^{′′}, p|W ) . (4.10)

Notice that diagram (a) of Fig. (2) is generated from the iterated OPE in (4.10), albeit with the Thompson two-particle propagator (4.7). We calculate the complete kernel K(p^′, p; W ) in the next section and define in section VII the potential V (p^′, p; W ) such that up to fourth order the Thompson amplitude is recovered completely by using this potential in the Lippmann-Schwinger equation.

V. OPE- AND TPE-KERNELS In the calculation of the interaction kernel, we restrict ourselves to terms up to and including the fourth order in the pion-nucleon coupling constant. Writing the wave-function as a series in the pion-nucleon coupling, and the interaction kernel as a sum of the second and the fourth order term, we have ϕ_{++}(p^′) = ϕ^{(0)}_{++}(p^′) + ϕ^{(2)}_{++}(p^′) + ϕ^{(4)}_{++}(p^′) + . . . , K(p^′, p|W ) = K^{(2)}(p^′, p|W ) + K^{(4)}(p^′, p|W ) . (5.1) From (4.10) one sees that, written in operator notation, K^{(2)} = K^{irr (2)} , K^{(4)} = K^{irr (4)} + K^{irr(2)} E^{(+)}_2 K^{irr(2)} , (5.2) and so the K^{(2)}-term corresponds to the Feynman diagram in Fig. (1) and the K^{(4)}-term to the graphs in Fig. (2). From (4.9) we then find for the wave-function ϕ^{(2)}_{++} = E^{(+)}_2 K^{irr(2)} ϕ^{(0)}_{++} , ϕ^{(4)}_{++} = E^{(+)}_2 � K^{irr (2)} E^{(+)}_2 K^{irr (2)} + K^{irr(4)} � ϕ^{(0)}_{++} . (5.3) So, the second-order Feynman diagram Fig. (1) gives for the second-order wave-function ϕ^{(2)}_{++}(p^′) = E^{(+)}_2 (p^′; W ) � dp · � − (2π)^{−2}(W − 2E(p^′))(W − 2E(p)) · × � dp^′_0 � dp_0 � dk_0 � d^3k δ^4(p − p^′ − k) · × [F_W (p^′, p^′_0)F_W (−p^′, −p^′_0)]^{−1} · × [k^2 − m^2 + iδ]^{−1} � Γ^a_i Γ^b_i � · × [F_W (p, p_0)F_W (−p, −p_0)]^{−1} � ϕ^{(0)}_{++}(p) . (5.4) Using the familiar integral representation δ(p_0 − p^′_0 − k_0) = 1 2π �_{+∞} −∞ dα exp iα(p_0 − p^′_0 − k_0) , (5.5) one finds upon integration over p_0 and p^′_0 K^{(2)}(p^′, p|W ) = − � i Γ^a_i Γ^b_i ω_k[E_p + E_p′ − W + ω_k]

, (5.6) which corresponds to the two three-dimensional momentum-space diagrams of Fig. (3) (for more details see appendix A).

The fourth order Feynman diagrams, the so-called planar-box and crossed-box diagram, lead to the following expression for the fourth-order wave-function

ϕ^{(4)}_{++}(p^′) = E^{(+)}_2 (p^′; W ) � d^3p · � − (2π)^{−2}(W − 2E(p^′))(W − 2E(p)) · × � dp^′_0 � dp_0 � i(2π)^{−4} � dk_0 � dk^′_0 � d^3k � d^3k^′ δ^4(p − p^′ − k − k^′) ·

× [F_W (p^′, p^′_0)F_W (−p^′, −p^′_0)]^{−1} [k^2 − m^2 + iδ]^{−1}[k^{′2} − m^2 + iδ]^{−1} · × � [Γ_jF^{−1}_W (p − k, p_0 − k_0)Γ_i]^{(a)}[Γ_j F^{−1}_W (−p + k, −p_0 + k_0)Γ_i]^{(b)}

+ [Γ_j F^{−1}_W (p − k, p_0 − k_0)Γ_i]^{(a)}[Γ_iF^{−1}_W (−p^′ − k, −p^′_0 − k_0)Γ_j ]^{(b)} � �

× [F_W (p, p_0)F_W (−p, −p_0)]^{−1} � ϕ^{(0)}_{++}(p) . (5.7) Here Γ denotes the PV-vertex. The expression between the curly brackets is the fourth order contribution to the kernel I(p^′; p)_{++,++}. In the latter we used the two-nucleon Green function (3.13) for the intermediate states, in accordance with the pair-suppression hypothesis. Also we have put here M/E = 1. Note that the first term between the curly brackets corresponds to the planar-box diagram and the second term to the crossed-box diagram. The vertex factors Γ_i follow from the interaction Lagrangian (2.4) ū(p^′)Γ^{(a)}u(p) = +i (f/m_π) ū(p^′)γ_5γ · (p − p^′)u(p) ū(−p^′)Γ^{(b)}u(−p) = −i (f/m_π) ū(−p^′)γ_5γ · (p − p^′)u(−p) .

(5.8)

From the explicit expression in (5.7) it is clear that one can perform the integration over the energy variables p^′_0, p_0, and k_0.

To do these energy integrations we found it to be very convenient to introduce auxiliary energy variables, using δ-functions. This in order to avoid the occurrence of more than one integration variable in any factor of the denominators. These δ-functions are then treated using the standard integral representation (5.5). For example, in the case of the second meson propagator we introduce in (5.7) the variable k^′_0 = p_0 − p^′_0 − k_0 and use δ(k^′_0 − p_0 + p^′_0 + k_0) = 1 2π �_{+∞} −∞ dα exp iα(k^′_0 − p_0 + p^′_0 + k_0) . (5.9) The details of the integrations are discussed in Appendix A and the results for the planarand crossed-box diagram are as follows:

(i) The planar-box diagram: We introduce the integral I_‖(p^′, p|W ) = (W − 2Ep^′)(W − 2E_p) · � dp^′_0 � dp_0 � dk_0

× [k^2 − m^2]^{−1}[(p − p^′ − k)^2 − m^2]^{−1} · × [F_W (p^′, p^′_0)F_W (−p^′, −p^′_0)]^{−1} · × [F_W (p − k, p_0 − k_0)F_W (−p + k, −p_0 + k_0)]^{−1} · × [F_W (p, p_0)F_W (−p, −p_0)]^{−1} . (5.10)

Doing the integrations leads in a straigthforward manner to the terms given in (A5) of Appendix A. The first term is easily seen to correspond to the two three-dimensional momentum space planar BW-diagrams of Fig. (4). The second term comes from the four TMO-diagrams of Fig. (6). We get for the contributions to the interaction kernel

K^{(BW )}_‖ (p^′, p|W ) = − 2 (2π)^3

� d^3k 4ω_kω_k′ 1 [E_p + E_p′ − W + ω_k + ω_k′ ] ·

× [Γ_j Λ_+(p − k)Γ_i]^a [E_p + E_{p−k} − W + ω_k]

[Γ_jΛ_+(−p + k)Γ_i]^b [E_p′ + E_{p−k} − W + ω_k′ ] ·

K^{(T MO)}

‖ (p^′, p|W ) = − 4 (2π)^3

� d^3k 4ω_kω_k′ 1 [2E_{p−k} − W ] ·

× [Γ_j Λ_+(p − k)Γ_i]^a [E_p + E_{p−k} − W + ω_k]

[Γ_jΛ_+(−p + k)Γ_i]^b [E_p′ + E_{p−k} − W + ω_k′ ] , (5.11)

where ω = √ k^2 + m^2 and ω^′ = √ k^{′2} + m^2 with k^′ ≡ p − p^′ − k.

(ii) The crossed-box diagram: We introduce for the crossed-box diagram the integral

I_X (p^′, p|W ) = (W − 2Ep^′)(W − 2E_p) � dp^′_0 � dp_0 � dk_0 ·

× [k^2 − m^2]^{−1}[(p − p^′ − k)^2 − m^2]^{−1} ·

× [F_W (p^′, p^′_0)F_W (−p^′, −p^′_0)]^{−1} ·

× [F_W (p − k, p_0 − k_0)F_W (−p^′ − k, −p^′_0 − k_0)]^{−1} ·

× [F_W (p, p_0)F_W (−p, −p_0)]^{−1} . (5.12)

Doing these integrations leads after some algebra to the terms given in (A10) of Appendix A. These terms correspond to the six three-dimensional momentum space perturbation diagrams of Fig. (5). The contributions to the interaction kernel are

K^{(5a)}_X (p^′, p|W ) = − 1 (2π)^3

� d^3k 4ω_kω_k′ 1 [E_p + E_p′ − W + ω_k + ω_k′ ] ·

× [Γ_j Λ_+(p − k)Γ_i]^a [E_{p−k} + E_p − W + ω_k]

[Γ_iΛ_+(−p^′ − k)Γ_j ]^b [E_p′_{+k} + E_p′ − W + ω_k] ,

K^{(5b)}_X (p^′, p|W ) = − 1 (2π)^3

� d^3k 4ω_kω_k′ 1 [E_p + E_p′ − W + ω_k + ω_k′ ] ·

× [Γ_j Λ_+(p − k)Γ_i]^a [E_p′_{+k} + E_p − W + ω_k′ ]

[Γ_iΛ_+(−p^′ − k)Γ_j]^b [E_{p−k} + E_p′ − W + ω_k′ ] ,

K^{(5c)}_X (p^′, p|W ) = − 1 (2π)^3

� d^3k 4ω_kω_k′ 1 [E_{p−k} + E_p′_{+k} − W + ω_k + ω_k′ ] ·

× [Γ_j Λ_+(p − k)Γ_i]^a [E_{p−k} + E_p − W + ω_k]

[Γ_iΛ_+(−p^′ − k)Γ_j ]^b [E_p′_{+k} + E_p′ − W + ω_k] ,

K^{(5d)}_X (p^′, p|W ) = − 1 2π)^3

� d^3k 4ω_kω_k′ 1 [E_p′_{+k} + E_{p−k} − W + ω_k + ω_k′ ] ·

× [Γ_j Λ_+(p − k)Γ_i]^a [E_{p−k} + E_p′ − W + ω_k′ ]

[Γ_iΛ_+(−p^′ − k)Γ_j]^b [E_p′_{+k} + E_p − W + ω_k′ ] ,

K^{(5e)}_X (p^′, p|W ) = − 1 (2π)^3

� d^3k 4ω_kω_k′ 1 [E_p′_{+k} + E_{p−k} − W + ω_k + ω_k′ ] ·

× [Γ_j Λ_+(p − k)Γ_i]^a [E_{p−k} + E_p − W + ω_k]

[Γ_iΛ_+(−p^′ − k)Γ_j ]^b [E_{p−k} + E_p′ − W + ω_k′ ] ,

K^{(5f)}_X (p^′, p|W ) = − 1 (2π)^3

� d^3k 4ω_kω_k′ 1 [E_p′_{+k} + E_{p−k} − W + ω_k + ω_k′ ] ·

× [Γ_j Λ_+(p − k)Γ_i]^a [E_p′_{+k} + E_p − W + ω_k′ ]

[Γ_iΛ_+(−p^′ − k)Γ_j]^b [E_p′_{+k} + E_p′ − W + ω_k] . (5.13)

VI. TREATMENT GAUSSIAN FORM FACTOR

The generalization of the interaction kernels, given in section V, to the case with a πNN-form factor is achieved by making in (5.7) the substitution

[k^2 − m^2 + iδ]^{−1} −→

�_∞ 0 dμ^2 ρ(μ^2) k^2 − μ^2 + iδ

(6.1)

for each OPE propagator. Here at the right-hand side ρ(μ^2) is the spectral function, representing the form factors involved in OPE.

Like in the soft-core OBE-potential [3], we treat the case with a Gaussian form factor F (t) in the OPE-amplitude. Here t = (p − p^′)^2, the relativistic momentum transfer of the nucleons at the πNN-vertices. From

t = (E_p − E_{p−k})^2 − k^2 = −k^2 + 1 4M^2 � 2p · k − k^2

�_2

+ O( 1 M^4

) , (6.2)

where k = p − p^′, it is seen that one can use in the nucleon form factor t = −k^2 to a very good approximation at low and medium energies. So, putting t = −k^2 < 0 we have

F (k^2) = e^{−k2/Λ2} , (6.3) where Λ-denotes the cut-off mass. Using Gaussian form factors, means for t = k^2 ≈ −k^2 < 0, i.e. for spacelike momentum transfer, that

�_∞ 0 dμ^2 ρ(μ^2) k^2 + μ^2 −→ e^{−k2/Λ2} k^2 + m^2

. (6.4)

Notice here that the use of the disperson relation (6.1) as an intermediate step is essential, because for time-like k^2 the Gaussian form (6.4) is not valid in principle. Only after the performance of the energy-integrations we can use (6.4).

To analyse the consequences for TPEP, consider for example graph (a) of Fig. (2). Interchanging the dp_0- etc. integrals with the spectral integrals dμ^2 etc., all expressions for the TPE kernels K(p^′, p|W ) in the foregoing section get in front the spectral integrals. These spectral integrals can be treated by application of the substitution rule given in (6.4). To illustrate the procedure in more detail, we consider the parallel graphs of Fig. (4). In the adiabatic approximation, inserting the spectral representation (6.1) for the OPE-amplitude leads intrinsically to the integral

J̃_1 =

�_∞ 0 dμ^2_1

�_∞ 0 dμ^2 ρ(μ^2_1)ρ(μ^2) 1 ω(μ_1)ω(μ_2) 1 [ω(μ_1) + ω(μ_2)]

, (6.5)

where ω(μ_1) = � k^2_1 + μ^2_1 and ω(μ_2) = � k^2 + μ^2. Here k_1 and k_2 are the three-momenta carried by the two pions in the diagram [36]. It is shown in Appendix B that we can write

J̃_1 = 2 π �_∞ 0 dλ �_∞ 0 dμ^2_1 ρ(μ^2_1) k^2_1 + μ^2_1 + λ^2

� �_∞ 0 dμ^2 ρ(μ^2) k^2 + μ^2 + λ^2 � . (6.6)

From the substitution rule given in (6.4) one sees that

J̃_1 ≃ 2 π �_∞ 0 dλ � e^{−(k21+λ2)/Λ2} k^2_1 + m^2 + λ^2 � � e^{−(k2+λ2)/Λ2} k^2 + m^2 + λ^2 � . (6.7)

From this discussion one sees that also in the presence of the Gaussian form factor, one can perform the k_0- and k^′_0-integration in the Feynman diagrams.

Notice that in (6.7) we have achieved factorization of the k_1- and k_2-dependence under the λ-integral. This facilitates the Fourier transformation to configuration space. For the evaluation of the TPEP in configuration space, we give in Appendix B a dictionary of Fourier transformations.

VII. DEFINITION TPE-POTENTIAL

In this section we define the potential for the Lippmann-Schwinger equation. We start from the Thompson equation (4.6) and write it in operator notation

ϕ = ϕ^{(0)} + E^{(+)}_2 K^{irr} ϕ . (7.1)

The Green function for the Lippmann-Schwinger equation is given by [37] g(p; W ) = 1 (2π)^3

Λ^a_+(p)Λ^b_+(−p) M p^2_i − p^2 + iδ

. (7.2)

We make now the approximation E^{(+)}_2 = g(p; W ) and write (7.1) as ϕ = ϕ^{(0)} + g V ϕ . (7.3) Again, the corrections to this approximation are of order 1/M^2, which we neglect.

Now we want to determine the potential V up to fourth-order in the pion-nucleon coupling, such that to that order the wave-function and the T-matrix are the same. This implies the following for the potential V V^{(2)} = K^{(2)} , V^{(4)} = K^{(4)} − K^{(2)} g K^{(2)} .

(7.4)

These equations have to be taken, where the initial and final states are on the energy-shell.

The second order potential V^{(2)} is given by the diagrams of Fig. (3) taken on energyshell. This is then equivalent to the potential diagram (a) in Fig. (7). The fourth order potential V^{(4)} consists of two parts. The first part is given by the fourth order diagrams in Figs. (4a–4f) and Figs. (5a–5f). The second part comes from diagram Figs. (6a–6f), from which we subtract the once iterated one-pion contribution T^{(4)}_{Born} = V^{(2)} g V^{(2)} = K^{(2)} g K^{(2)} . (7.5) For (7.3) the transition from Dirac-spinors to Pauli-spinors, is given in Appendix C. There we derive the Lippmann-Schwinger equation χ(p) = χ^{(0)}(p) + g̃(p) � d^3p^′ V(p, p^′) χ(p^′) (7.6) for the Pauli-spinor wave-functions χ(p). The wave-function χ(p) and the potential V(p, p^′) in the Pauli spinor-space are defined by ϕ(p) = � s_a,s_b

χ_{sasb} (p) u_a(p, s_a)u_b(−p, s_b) (7.7) χ^{(a)†}_{sa} χ^{(b)†}_{sb} V χ^{(a)}_s′_a χ^{(b)}_s′_b = ū_a(p, s_a)ū_b(−p, s_b) V (p, p^′) u_a(p^′, s^′_a)u_b(−p^′, s^′_b) .

Like in the derivation of the OBE-potentials [3,37] we make the approximation E(p) = M + p^2/2M (7.8) everywhere in the interaction kernels of section VI, which, of course, is fully justified for low energies only. As a consequence of (7.8), we have a similar expansion of the on-shell energy W = 2 � p^2_i + M^2 = 2M + p^2_i /M . (7.9) In contrast to these kind of approximations, of course the full k^2-dependence of the form factors is kept throughout the derivation of the TPEP. Notice that the Gaussian form factors suppress the high momentum transfers strongly. This means that the contribution to the potentials from intermediate states which are far off-energy-shell can not be very large.

For the reduction of the TPEP from Dirac-spinor space to Pauli-spinor space, we use (3.6) for the Λ_+-operators, which leads to matrix elements of the vertex operators between positive energy Dirac-spinors. Up to order 1/M this gives in Pauli-spinor space, using the expansion (7.8), the vertex operators

ū(p^′)Γ^{(a)}(p^′, p)u(p) ≈ +i (f/m_π) � σ_1 · k ∓ ω 2M σ_1 · (p^′ + p) �

ū(−p^′)Γ^{(b)}(p^′, p)u(−p) ≈ −i (f/m_π) � σ_2 · k ∓ ω 2M σ_2 · (p^′ + p) � , (7.10)

where always k ≡ p − p^′ = k_1 + k_2. For the Γ-matrix-elements in (7.10), the upper sign applies for the creation and the lower sign for the absorption of the pion at the vertex.

In order to obtain all contributions to the potentials up to order 1/M, we develop the energy denominators in the expressions for the planar- and the crossed-box diagram (see section VI). For the BW-graphs it is sufficient to keep here the terms up to order 1/M, however for the TMO-graphs we must also keep the terms of order (1/M)^2. Then, we get for example 1 E_p + E_{p−k} − W + ω = 1 ω � 1 − p^2 + (p − k)^2 − 2p^2_i 2Mω

+ � p^2 + (p − k)^2 − 2p^2_i 2Mω �_2�

� . (7.11)

The leading terms, order O(1), give the so-called ‘adiabatic’ approximation [29]. The next to leading contributions, order O(1/M), are referred to as ‘non-adiabatic’.

In the non-adiabatic terms one can easily identify the purely off-energy-shell combinations p^2 − p^2_i , p^{′2} − p^2_i , and p^2 + p^{′2} − 2p^2_i . Henceforth we neglect these off-shell contributions. This means, for example, that p^2 + (p − k)^2 − 2p^2_i ≈ −2p · k + k^2, etc.

For the definition of the Fourier transformations to configuration space we introduce the standard vectors

k = p − p^′ , q = 1 2 (p + p^′) . (7.12)

Like (7.11) we can occasionally exploit the relation

k = p − p^′ = k_1 + k_2 (7.13)

before doing the Fourier transformations.

The second order potential, i.e. the OPE-potential, can now readily be written down. For the diagrams of Fig. (3) one finds

K^{(2)} = −(f/m_π)^2(τ_1 · τ_2)(σ_1 · k σ_2 · k)

F (k^2) ω_k[E_p + E_p′ − W + ω_k]

. (7.14)

From the expansions in (7.11) one sees that the non-adiabatic contribution vanishes on the energy-shell. So, we find the second order potential V^{(2)} = −(f/m_π)^2(τ_1 · τ_2)(σ_1 · k σ_2 · k)

F (k^2) k^2 + m^2

. (7.15) Notice that in this case there are no contributions of order 1/M from the vertices. The term of second order in 1/M (f/m_π)^2(τ_1 · τ_2)(σ_1 · q σ_2 · q)F (k^2)/M^2 (7.16) gives (local and non-local) short range Gaussian potentials of order (m/M)^2(f^2/4π). If one neglects the off-energy-shell terms, i.e. q · k ≈ 0, there are no 1/M^2-corrections in (7.10) and so no further 1/M^2-terms in OPE.

In the following sections we calculate the TPEP in configuration space. In momentum space the TPEP will be of the general form

(p^′|V^{(T P E)}|p) = � � d^3k_1d^3k_2 δ^3(k − k_1 − k_2) ~V (p^′, p; k_1, k_2) . (7.17) The Fourier transformation reads V (r) = (2π)^{−3} � d^3k e^{ik·r}(p^′|V^{(T P E)}|p) = (2π)^{−3} � � d^3k_1d^3k_2 e^{i(k1+k2)·r} ~V (p^′, p; k_1, k_2) . (7.18) We calculate the TPE-contribution to V_C , V_σ, V_T , and V_{SO} respectively the central, the spin-spin, the tensor, and the spin-orbit potential.

VIII. TWO-PION-EXCHANGE POTENTIAL (BW-GRAPHS) (i) Adiabatic contributions:

1. Diagrams (a) and (b) of Fig. (4), correspond to the expression K^{(BW )}_‖ in (5.11), and give

V^{(a+b)}_‖ (r) = −(3 − 2τ_1 · τ_2) � f m_π

�_4

(2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1 +k2)·r}

× F (k^2_1)F (k^2)

(a − i b · σ_1)(a − i b · σ_2) 2ω^2(k_1)ω^2(k_2)[ω(k_1) + ω(k_2)]

, (8.1) where a = k_1 · k_2 , b = k_1 × k_2 . (8.2)

2. Diagram (a) and (c) of Fig. (5), correspond to the expressions K^{(5a)}_X and K^{(5c)}_X in (5.13), and give

V^{(a+c)}

X (r) = −(3 + 2τ_1 · τ_2) � f m_π

�_4

(2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r}

× F (k^2_1)F (k^2)

(a − ib · σ_1)(a + ib · σ_2) 2ω^3(k_1)ω(k_2)[ω(k_1) + ω(k_2)]

. (8.3)

3. Diagram (b) and (d) of Fig. (5), correspond to the expressions K^{(5b)}_X and K^{(5d)}_X in (5.13), and give

V^{(b+d)}_X (r) = −(3 + 2τ_1 · τ_2) � f m_π

�_4

(2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r}

× F (k^2_1)F (k^2)

(a − ib · σ_1)(a + ib · σ_2) 2ω(k_1)ω^3(k_2)[ω(k_1) + ω(k_2)]

. (8.4)

4. Diagram (e) and (f) of Fig. (5), correspond to the expressions K^{(5e)}_X and K^{(5f)}_X in (5.13), and give

V^{(e+f)}

X (r) = −(3 + 2τ_1 · τ_2) � f m_π

�_4

· (2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r}

× F (k^2_1)F (k^2)

(a − ib · σ_1)(a + ib · σ_2) 2ω^2(k_1)ω^2(k_2)[ω(k_1) + ω(k_2)]

. (8.5)

These diagrams were calculated by Brueckner and Watson for point couplings (see [25], Eq. (60)). Using the fact that terms with (k_1 · k_2)[k_1 × k_2 · (σ_1 − σ_2)] in the integrand vanish, we find for these diagrams

V^{(1)}_{BW} (r) = − 1 (2π)^6 � f m_π

�_4 � �

d^3k_1d^3k_2 e^{i(k1+k2)·r} e^{−k21/Λ2} e^{−k2/Λ2} ω^3(k_1)ω(k_2) ·

× � � 3

ω(k_2) + 2τ_1 · τ_2 ω(k_1) + ω(k_2) � (k_1 · k_2)^2 +

+ � 3 ω(k_1) + ω(k_2) + 2τ_1 · τ_2 ω(k_2) � (k_1 × k_2 · σ_1)(k_1 × k_2 · σ_2) � · (8.6)

The evaluation of the momentum integrations is readily performed by using the definitions and formulas given in Appendices B and D. This leads to the potentials:

V^{(1)}_C (BW ) = − � f m_π

�_4 2 π �_∞ 0 dλ λ^2 � 3 � 2 r^2

F^′(r)I^′(r) + F^{′′}(r)I^{′′}(r) � + + 2(τ_1 · τ_2) � 2 r^2

F^′(r)G^′(r) + F^{′′}(r)G^{′′}(r) � � ,

V^{(1)}_σ (BW ) = − � f m_π

�_4 2 π �_∞ 0 dλ λ^2 � 2 � 1 r^2

F^′(r)G^′(r) + 1 r F^{′′}(r)G^′(r)+ + 1 r F^′(r)G^{′′}(r) � + 4 3 (τ_1 · τ_2) � 1 r^2

F^′(r)I^′(r)+ + 1 r F^{′′}(r)I^′(r) + 1 r F^′(r)I^{′′}(r) � � ,

V^{(1)}_T (BW ) = − � f m_π

�_4 2 π �_∞ 0 dλ λ^2

� � 1 r F^′(r) − F^{′′}(r) � 1 r G^′(r)+ + 1 r F^′(r) �1 r G^′(r) − G^{′′}(r) � + 2 3 (τ_1 · τ_2) · × � 1 r F^′(r) − F^{′′}(r) � 1 r I^′(r) + 1 r F^′(r) �1 r I^′(r) − I^{′′}(r) � � , (8.7) with I(r) = I_2(m, r) ,

F (r) = I_2(m, r) − I_2( √ m^2 + λ^2, r) exp � −λ^2/Λ^2 � , (8.8)

G(r) = I_2( √ m^2 + λ^2, r) exp � −λ^2/Λ^2 � , where I_2(m, r) is defined in Appendix B, Eq. (B3). Above we introduced the notations F^′(r) ≡ dF/dr and F^{′′}(r) ≡ d^2F/dr^2 etc. Henceforth we employ this notation throughout the following.

(ii) Adiabatic contributions, 1/M-terms:

Here we give the 1/M-contributions ΔV from the 1/M-terms in the pion-nucleon vertices for the diagrams of Fig. (5). Similar 1/M-contributions from the diagrams of Fig. (4) cancel each other.

1. Diagram (a) and (b) of Fig. (5) give

ΔV^{a−b}_X (r) = −(3 + 2τ_1 · τ_2) � 1 M � � f

m_π

�_4

(2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r}

× F (k^2_1)F (k^2)

(ω_1 − ω_2)

4ω^3_1 ω^3_2 � ω_1 � − k^2(k_1 · k_2) +

+i(σ_1 + σ_2) [(k_1 · k_2)(Q × k_2) − (Q · k_2)(k_1 × k_2)] +

+ [σ_1 · (k_1 × k_2)σ_2 · (Q × k_2) − σ_1 · (Q × k_2)σ_2 · (k_1 × k_2)] �

−ω_2 � . . . � k_1⇐⇒k_2 � . (8.9)

2. Diagram (c), (d), (e) and (f) of Fig. (5) give

ΔV^{c−f}_X (r) = −(3 + 2τ_1 · τ_2) � 1 M � � f m_π

�_4

(2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r}

× F (k^2_1)F (k^2)

(ω_1 + ω_2)

4ω^3_1ω^3_2 � ω_1 − k^2(k_1 · k_2) +

+i(σ_1 + σ_2) [(k_1 · k_2)(Q × k_2) − (Q · k_2)(k_1 × k_2)] +

+ [σ_1 · (k_1 × k_2)σ_2 · (Q × k_2) − σ_2 · (k_1 × k_2)σ_1 · (Q × k_2)] �

+ω_2 � . . . � k_1⇐⇒k_2 � . (8.10)

Taking together the contributions from diagrams (a)–(f), we find

ΔV^{a−f}_X (r) = (3 + 2τ_1 · τ_2) � 1 2M � � f

m_π

�_4

(2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r}

× F (k^2_1)F (k^2) 1 ω^2_1 ω^2 � (k_1 · k_2)(k^2_1 + k^2)

−i(σ_1 + σ_2) [(k_1 · k_2)Q × (k_1 + k_2) + Q · (k_1 − k_2)(k_1 × k_2)] +

− [σ_1 · (k_1 × k_2)σ_2 · Q × (k_1 + k_2)) − σ_2 · (k_1 × k_2)σ_1 · Q × (k_1 + k_2)] � . (8.11)

Using again the integrals given in Appendix B and (D5), we find the following contribution to the potentials:

V^{(2)}_C (BW ) = (3 + 2τ_1 · τ_2) � 1 M � � f m_π

�_4 � − 2 r^2

I^′_2(r) + 2 r I^{′′}_2 (r) + I^{′′′}_2 (r) � I^′_2(r) ,

V^{(2)}_{SO} (BW ) = (3 + 2τ_1 · τ_2) � 2 M � � f m_π

�_4 � 1 r I^′_2(r) + I^{′′}_2 (r) � 1 r I^′_2(r) . (8.12)

(iii) Non-adiabatic contributions:

Here we give the 1/M-contributions ΔV from the 1/M-terms due to the non-adiabatic expansion of the energy denominators in the intermediate states. In this section we calculate only the diagrams (a) and (b) of Fig. (4) and all the diagrams of Fig. (5). Similar 1/Mand 1/M^2-contributions from the diagrams (c), (d), (e), and (f) of Fig. (6) are worked out in the next section.

1. Diagram (a) and (b) of Fig. (4) give

ΔV^{a−b}_‖ (r) = −(3 − 2τ_1 · τ_2) � 1 M � � f m_π

�_4

(2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r}

× 1 4ω^3_1 ω^3_2

(k_1 · k_2) (a − i b · σ_1) (a − i b · σ_2) F (k^2_1)F (k^2) . (8.13)

It appears that this contribution from the BW-graphs cancels exactly against a similar contribution from the TMO-graphs (see next section). Hence, we have not worked out this term further in more detail. 2. Diagrams (a)–(f) of Fig. (5) give

ΔV_X (r) = −(3 + 2 τ_1 · τ_2) � 1 M � � f m_π

�_4

· (2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r}

× (ω^2_1 + ω^2 ) 2ω^4_1ω^4_2

(k_1 · k_2) (a − i b · σ_1) (a + i b · σ_2) F (k^2_1)F (k^2)

(8.14) With the results of the Appendices B and D, we get

V^{(3)}_C (BW ) = (3 + 2τ_1 · τ_2) � 1 M � � f m_π

�_4 � 6 r^2 � 1 r I^′_2 − I^{′′}_2 � · × � 1 r I^′_4 − I^{′′}_4 � + I^{′′′}_2 I^{′′′}_4 � ,

V^{(3)}_σ (BW ) = −(3 + 2τ_1 · τ_2) � 1 M � � f m_π

�_4 2 3 � 1 r^2 � 1 r I^′_2 − I^{′′}_2 � · × � 1 r I^′_4 − I^{′′}_4 � + � 1 r I^′_2 − I^{′′}_2 � 1 r I^{′′′}_4 + � 1 r I^′_4 − I^{′′}_4 � 1 r I^{′′′}_2 � ,

V^{(3)}_T (BW ) = (3 + 2τ_1 · τ_2) � 1 M � � f m_π

�_4 1 3 � 4 r^2 � 1 r I^′_2 − I^{′′}_2 � · × � 1 r I^′_4 − I^{′′}_4 � + � 1 r I^′_2 − I^{′′}_2 � 1 r I^{′′′}_4 + � 1 r I^′_4 − I^{′′}_4 � 1 r I^{′′′}_2 � . (8.15) where I_4(r) = I_4(m, r) is defined in Appendix B, Eq. (B9), etc.

IX. TWO-PION-EXCHANGE POTENTIAL (TMO-GRAPHS)

The contribution from diagrams (a-d) of Fig. (6) corresponds to K^{(T MO)}_‖ in (5.11), and give

K^{(T MO)}

‖ = −

(3 − 2τ_1 · τ_2) (2π)^6 � f m_π

�_4 � �

d^3k_1d^3k_2 F (k^2_1)F (k^2) e^{i(k1+k2)·r} ω(k_1)ω(k_2) ·

× (a − i b · σ_1)(a − i b · σ_2)[E_p + E_{p−k1} − W + ω(k_1)]^{−1} ·

× [2E_{p−k1} − W ]^{−1}[E_p′ + E_{p−k1} − W + ω(k_2)]^{−1} , (9.1) where we have made the approximation W = 2E_p.

In order to avoid double counting when solving the Schrödinger equation, we subtract from (9.1) the once iterated OPE (see Fig. (7) diagram (b)),

T^{(4)}_{Born} = −

(3 − 2τ_1 · τ_2) (2π)^6 � f m_π

�_4 � �

d^3k_1d^3k_2 F (k^2_1)F (k^2) e^{i(k1+k2)·r} ω^2(k_1)ω^2(k_2) ·

× (a − ib · σ_1)(a − ib · σ_2)[2E_{p−k1} − W ]^{−1} . (9.2) The remaining difference V_{T MO} ≡ K^{(T MO)}_‖ − T^{(4)}_{Born} (9.3) is referred to as the TMO-potential. This contribution to the potential is neglected in the BW-potential, but is part of the TMO-potential [26]. Since we take all corrections up to order 1/M in the potentials into account, which come from the recoil-corrections in the denominators from the intermediate states, it is clear that this contribution should be included. We evaluate the TMO-contributions up to 1/M-terms in the potentials.

We notice that the adiabatic contributions vanish. This is obvious for the contribution from the leading terms in all vertices. However, also for the 1/M-contributions from the vertices one can readily see from the graphs in Fig. (6) and the rules for the vertices, that all these contributions cancel. The non-adiabatic contributions give potentials of zero and first order in 1/M, and are given below. (i) Non-adiabatic contributions, 1/M-terms:

Expanding the energies in the intermediate states to order 1/M, we find

V^{(1)}_{T MO}(r) = (3 − 2τ_1 · τ_2) � f m_π

�_4

(2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r} ω^3(k_1)ω^2(k_2) ·

× F (k^2_1)F (k^2) � a^2 − (b · σ_1)(b · σ_2) � . (9.4) Using the integrals in Appendix B and (D5) leads to potentials:

V^{(1)}_C (T MO) = (3 − 2τ_1 · τ_2) � f m_π

�_4 � 2 r^2

I^′_2(r)I^′_3(r) + I^{′′}_2 (r)I^{′′}_3 (r) � ,

V^{(1)}_σ (T MO) = −(3 − 2τ_1 · τ_2) � f m_π

�_4 2 3 � 1 r^2

I^′_2(r)I^′_3(r)+

+ 1 r [I^{′′}_2 (r)I^′_3(r) + I^′_2(r)I^{′′}_3 (r)] � , (9.5)

V^{(1)}_T (T MO) = −(3 − 2τ_1 · τ_2) � f m_π

�_4 1 3 � 1 r I^′_2(r) � 1 r I^′_3(r) − I^{′′}_3 (r) � +

+ � 1 r I^′_2(r) − I^{′′}_2 (r) � 1 r I^′_3(r) � .

where I_2(r) = I_2(m, r) and I_3(r) = I_3(m, r) are given in Appendix B, Eq. (B3) and Eq. (B7). (ii) Non-adiabatic contributions, (1/M)^2-terms:

Expanding the energies in the intermediate states to order (1/M)^2, we find

V^{(2)}_{T MO}(r) =

(3 − 2τ_1 · τ_2) (2π)^6 � 1 4M � � f m_π

�_4 � �

d^3k_1d^3k_2 e^{i(k1+k2)·r}

× F (k^2_1)F (k^2) � a^2 − (b · σ_1)(b · σ_2) � · (k_1 · k_2) ·

× � 1 ω^4(k_1)ω^2(k_2) + 1 ω^2(k_1)ω^4(k_2) + 1 ω^3(k_1)ω^3(k_2) � . (9.6)

Notice here the well-known cancellation between the non-adiabatic contribution from the BW-graphs as given in (8.13) and the third term in the curly brackets of (9.6). In the following we therefore ignore this third term and give only the potentials from the first and second term.

Now, using the integrals given in Appendix B, with (D5) and (D5), we find the potentials:

V^{(2)}_C (T MO) = −(3 − 2τ_1 · τ_2) � 1 2M � � f m_π

�_4 � 6 r^2 � 1 r I^′_2 − I^{′′}_2 � ·

× � 1 r I^′_4 − I^{′′}_4 � + I^{′′′}_2 I^{′′′}_4 � ,

V^{(2)}_σ (T MO) = −(3 − 2τ_1 · τ_2) � 1 2M � � f m_π

�_4 2 3 � 1 r^2 � 1 r I^′_2 − I^{′′}_2 � ·

× � 1 r I^′_4 − I^{′′}_4 � + � 1 r I^′_2 − I^{′′}_2 � 1 r I^{′′′}_4 + 1 r I^{′′′}_2 � 1 r I^′_4 − I^{′′}_4 � , (9.7)

V^{(2)}_T (T MO) = (3 − 2τ_1 · τ_2) � 1 2M � � f m_π

�_4 1 3 � 4 r^2 � 1 r I^′_2 − I^{′′}_2 � ·

× � 1 r I^′_4 − I^{′′}_4 � + � 1 r I^′_2 − I^{′′}_2 � 1 r I^{′′′}_4 + 1 r I^{′′′}_2 � 1 r I^′_4 − I^{′′}_4 � . where I_2 = I_2(m, r) and I_4 = I_4(m, r) are defined in Appendix B, equations (B3) and (B9).

X. RESULTS AND DISCUSSION

The complete TPEP can be written as

V_i(T P E) = V_i(BW ) + V_i(T MO) , (10.1) where

V_i(BW ) = V^{(1)}_i (BW ) + V^{(2)}_i (BW ) + V^{(3)}_i (BW ) , (10.2)

V_i(T MO) = V^{(1)}_i (T MO) + V^{(2)}_i (T MO) , (10.3)

with i = C, σ, T, or SO. The potentials V^α_i (BW ) for α = (1, 2, 3) are given in (8.7), (8.12), and (8.15). The potentials V^α_i (T MO) for α = (1, 2) are given in (9.5) and (9.7).

In Figs. (8-11) the contribution from the BW- and the TMO-graphs is shown separately and together (TPE) for I = 0 and I = 1. In these numerical results we have evaluated the TPEP for f^2/4π = 0.08 and Λ = 664.52 MeV. For the spin-orbit potential there are only contributions from the BW-graphs. It is seen that the contribution of the TMO-graphs is in general rather significant. For example for I = 0 the sign of the tensor potential is changed as compared to the BW-graph contributions. Of course, all potentials are finite at r = 0, and due to the Gaussian form factors they are rather soft. Notice that the non-adiabatic terms contribute rather significantly to the TPE-potentials.

In Figs. (12-15) the tail of the TPEP is compared with that of the one-pion-exchange-potential (OPEP) and the one-boson-exchange-potential (HBEP). The latter contains the contribution from all bosons except for the pseudo-scalars and is taken from [3]. For I = 1 both for the tensor and the spin-orbit the TPE-contribution might be helpful to improve the results of the soft-core OBE-model [3] when compared to the recent phase shift analysis of [38].

As compared to the TPEP’s in the literature, our potential resembles mostly that of Sugawara and Okubo [27]. This is seen most clearly from the point-coupling limits, which are given in Appendix E. However there are differences due to the fact that, in contrast to [27], we do not apply any wave-function transformations. One reason for this is that we do not want the TPEP to be dependent on another part of the potential like OPEP. More important is that we do not want any interdependence between OPEP and HBEP. This would in principle arise if one applies a transformation to the wave-function which is related to OPE. The reason for the resemblance with [27] is of course that we suppress all contributions from the negative energy states (pair-terms). In this respect this work and that of Sugawara and Okubo [27] is different from, for example, Iddings and Platzman [28] and Partovi and Lomon [39]. Comparing the TPEP’s of this work with [39], it appears that the potential tails are all similar. This except for the central potential in the I = 0-states, where we find repulsion and [39] has attraction. Although we have no pair terms, the tails of the spin-orbit potentials look similar to those of [28].

Finally, we note the changes that have to be made in our results if one chooses the PScoupling with pair-suppression. In that case the only change is that the V^{(2)}_i (BW )-potentials are absent. They arise from the 1/M-terms in the pion-nucleon vertex (see 7.10).

ACKNOWLEDGMENTS

Discussions with Professor J.J. de Swart are gratefully acknowledged. We thank dr. V.G.J.M. Stoks, prof. R. Bryan, and drs. H. Polinder for reading (part of) the paper carefully and pointing out corrections.

APPENDIX A We discuss here the treatment of the energy integrals that occur in the evaluation of the TPEP. For that purpose, it is convenient to introduce the following notations ω = ω_k , ω^′ = ω_{p−k−p}′ A_p = E_p −^1_2 W , A_p′ = E_p′ −^1_2 W A_p′′ = E_{p−k} −^1_2 W , A_p′′′ = E_p′_{+k} −^1_2 W

(A1)

where ω = √ k^2 + m^2 , ω^′ = √ k^{′2} + m^2, and k^′ ≡ p − k − p^′ .

1. The planar-box diagram: We first rewrite the integral into the following form I_‖ = −(2π)^{−2}

�_{+∞} −∞ dα �_{+∞} −∞ dβ · × �_{+∞} −∞ dp^′_0

�_{+∞} −∞ dp^{′′}_0

�_{+∞} −∞ dp_0

�_{+∞} −∞ dk_0

�_{+∞} −∞ dk^′_0 · × exp iα(k^′_0 − p^{′′}_0 + p^′_0) exp iβ(p^{′′}_0 − p_0 + k_0) · × [p^{′2}_0 − A^2_p′ + iδ]^{−1}[ω^2 − k^2_0 − iδ]^{−1}[ω^{′2} − k^{′2}_0 − iδ]^{−1} · × [p^{′′2}_0 − A^2_p′′ + iδ]^{−1}[p^2_0 − A^2_p + iδ]^{−1} . (A2) The energy-variable integrations can be performed in a straightforward manner, in principle, using the residue theorem, e.g.

�_{+∞} −∞ dk_0 exp iβk_0 [ω^2 − k^2_0 − iδ]

= 2πi[2ω]^{−1}e^{∓iβω} , (A3) where in the exponential the (–)-sign and the (+)-sign apply to β > 0 respectively β < 0. Keeping track of the signs in the exponentials, the intermediate result is I_‖ = (2π)^{−2}(2πi)^5 � 32 ω ω^′ a a^′ a^{′′}

�_{−1} · × � �_∞ 0 dα �_α 0 dβe^{−iβ(a+ω)}e^{−iα(a′ +ω′)}e^{+i(β−α)a′′} + �_∞ 0 dα �_∞ α dβe^{−iβ(a+ω)}e^{−iα(a′ +ω′)}e^{−i(β−α)a′′} + �_0 −∞ dα �_∞ 0 dβe^{−iβ(a+ω)}e^{+iα(a′ +ω′)}e^{−i(β−α)a′′} + �_0 −∞ dα �_α −∞ dβe^{+iβ(a+ω)}e^{+iα(a′ +ω′)}e^{+i(β−α)a′′} + �_0 −∞ dα �_0 α dβe^{+iβ(a+ω)}e^{+iα(a′ +ω′)}e^{−i(β−α)a′′} + �_∞ 0 dα �_0 −∞ dβe^{+iβ(a+ω)}e^{−iα(a′ +ω′)}e^{+i(β−α)a′′} � , (A4) where for typografical reasons we have put A_p′ ≡ a^′, etc. Performing now the remaining elementary integrals we find I_‖ = −(2π)^3i � 1 4ωω^′ 1 4AA^′ � · × � 2[A^′ + A^{′′} + ω^′]^{−1}[A + A^′ + ω + ω^′]^{−1}[A + A^{′′} + ω]^{−1} + 4[A^′ + A^{′′} + ω^′]^{−1}[2A^{′′}]^{−1}[A + A^{′′} + ω]^{−1} � . (A5) Here we have substituted for a-etc. again A ≡ A_p, etc.

The first term in the curly brackets corresponds diagrams (a) and (b) of Fig. (4), i.e. the planar BW-TPEP-graphs. The second term corresponds to diagrams (a-d) of Fig. (6), i.e. the TMO-graphs.

2. The crossed-box diagram: Here the integral can be written into the form

I_X = (2π)^{−3}

�_{+∞} −∞ dα �_{+∞} −∞ dβ �_{+∞} −∞ dγ · × �_{+∞} −∞ dp^′_0

�_{+∞} −∞ dp^{′′}_0

�_{+∞} −∞ dp^{′′′}_0

�_{+∞} −∞ dp_0

�_{+∞} −∞ dk_0

�_{+∞} −∞ dk^′_0 · × e^{−iα(k′0−p0+p′0+k0)}e^{iβ(p′′0 −p0+k0)}e^{iγ(p′′′0 +p′0+k0)} · × [p^{′2}_0 − A^2_p′ + iδ]^{−1}[ω^2 − k^2_0 − iδ]^{−1}[ω^{′2} − k^{′2}_0 − iδ]^{−1} · × [p^{′′}_0 − A_p′′ + iδ]^{−1}[p^{′′′}_0 − A_p′′′ + iδ]^{−1}[p^2_0 − A^2_p + iδ]^{−1} . (A6) Again the evaluation of the energy-variable integrals is done similarly as in the former case for the planar-box diagram. Here we get only contributions from β < 0 and γ < 0. We split the integral into two contributions

I_X = (2π)^{−3}

�_0 −∞ dβ �_0 −∞ dγ �_{+∞} 0 dα +

�_0 −∞ dβ �_0 −∞ dγ �_0 −∞ dα � × [. . .] . (A7) For the first contribution we have α − β − γ > 0, α − β > 0, and −α + γ < 0, which settles the signs in the exponentials. The residue theorem can be applied straightaway and one gets

I^{(1)}_X = (2π)^{−3}(2πi)^6 � 16 ω ω^′ a a^′

�_{−1} �_0 −∞ dβ �_0 −∞ dγ �_∞ 0 dα · × � e^{+iβ(a+a′′ +ω)}e^{+iγ(a′+a′′′ +ω)}e^{−iα(a′ +ω′+a+ω)} �

= −(2π)^3i � 1 4ωω^′ 1 4AA^′ � · × � (A + A^{′′} + ω)^{−1}(A + A^′ + ω + ω^′)^{−1}(A^{′′′} + A^′ + ω)^{−1} � . (A8)

In order to settle the signs in the exponentials for the second contribution, the region of integration has to be divided into eight separate regions. Doing the energy integrals we obtain the intermediate result

I^{(2)}_X = −(2π)^3 � 16 ω ω^′ a a^′ i

�_{−1} · × � �_0 −∞ dβ �_β −∞ dγ �_{β+γ} −∞ dα e^{+iα(a′ +ω′+a+ω)}e^{+iβ(a′′ −a−ω)}e^{+iγ(a′′′ −a′−ω)} + �_0 −∞ dβ �_β −∞ dγ �_γ β+γ dα e^{+iα(a′ +a+ω′−ω)}e^{+iβ(a′′ −a+ω)}e^{+iγ(a′′′ −a′+ω)} + �_0 −∞ dβ �_β −∞ dγ �_β γ dα e^{+iα(−a′+a+ω′−ω)}e^{+iβ(a′′ −a+ω)}e^{+iγ(a′′′ +a′+ω)} + �_0 −∞ dβ �_β −∞ dγ �_0 β dα e^{+iα(−a′ −a+ω′−ω)}e^{+iβ(a′′ +a+ω)}e^{+iγ(a′′′ +a′+ω)} + �_0 −∞ dβ �_0 β dγ �_{β+γ} −∞ dα e^{+iα(a′+a+ω′+ω)}e^{+iβ(a′′ −a−ω)}e^{+iγ(a′′′ −a′−ω)} + �_0 −∞ dβ �_0 β dγ �_β β+γ dα e^{+iα(a′ +a+ω′−ω)}e^{+iβ(a′′ −a+ω)}e^{+iγ(a′′′ −a′+ω)} + �_0 −∞ dβ �_0 β dγ �_γ β dα e^{+iα(a′ −a+ω′−ω)}e^{+iβ(a′′ +a+ω)}e^{+iγ(a′′′ −a′+ω)} + �_0 −∞ dβ �_0 β dγ �_0 γ dα e^{+iα(−a′−a+ω′−ω)}e^{+iβ(a′′ +a+ω)}e^{+iγ(a′′′ +a′+ω)} � . (A9) The remaining integrals are again elementary and one gets I^{(2)}_X = −(2π)^3i � 1 4ωω^′ 1 4AA^′ � · · � (A^′ + A^{′′} + ω^′)^{−1}(A + A^′ + ω + ω^′)^{−1}(A^{′′′} + A + ω^′)^{−1} + (A^′ + A^{′′} + ω^′)^{−1}(A^{′′} + A^{′′′} + ω + ω^′)^{−1}(A^{′′′} + A + ω^′)^{−1} + (A^{′′′} + A^′ + ω)^{−1}(A^{′′} + A^{′′′} + ω + ω^′)^{−1}(A + A^{′′} + ω)^{−1} + (A^{′′′} + A^′ + ω)^{−1}(A^{′′} + A^{′′′} + ω + ω^′)^{−1}(A + A^{′′′} + ω^′)^{−1} + (A^{′′} + A^′ + ω^′)^{−1}(A^{′′} + A^{′′′} + ω + ω^′)^{−1}(A + A^{′′} + ω)^{−1} � . (A10) The terms in I^{(1)}_X and I^{(2)}_X correspond to diagrams (a-f) of Fig. (5), i.e. the crossed BW- TPEP-graphs.

APPENDIX B

1. The Fourier transformation for OPE with a Gaussian form factor

I_2(m, r) ≡ (2π)^{−3} � d^3k e^{ik·r}Ĩ_2(k^2) , (B1)

with

Ĩ_2(k^2) =

�_∞ 0 dμ^2 ρ(μ^2) k^2 + μ^2 ≃ e^{−k2/Λ2} k^2 + m^2

, (B2)

where we used the substitution of (6.4), has been given in [3] with the result

I_2(m, r) = m 4π ϕ^0_C (m, r) (B3)

ϕ^0_C (m, r) = exp(m^2/Λ^2) � e^{−mr} erfc (−^{Λr}_2 +^m_Λ ) − e^{mr}erfc (^{Λr}_2 +^m_Λ ) � 2mr . 2. In order to deal with Fourier integrals where ω(k)^n, n = 1, 3, . . . and/or powers of ω(k_1) + ω(k_2) appear in the denominators, we exploit the following integral-representation 1 ω(k) = 2 π �_∞ 0 dλ k^2 + μ^2 + λ^2

, (B4)

where ω(k) = √ k^2 + μ^2. Application for 1/ω(k) gives

Ĩ_1(k^2) =

�_∞ 0 dμ^2 ρ(μ^2) √ k^2 + μ^2 = 2 π �_∞ 0 dλ �_∞ 0 dμ^2 ρ(μ^2) k^2 + μ^2 + λ^2 ≃ 2 π �_∞ 0 dλ e^{−(k2+λ2)/Λ2} k^2 + μ^2 + λ^2

. (B5)

The Fourier transformation gives

I_1(m, r) ≡ (2π)^{−3} � d^3ke^{ik·r} e^{−k2/Λ2} ω(k) = 2 π �_∞ 0 dλe^{−λ2/Λ2} I_2( √ m^2 + λ^2, r) . (B6)

Similarly, for the integral where ω^3(k) occurs in the denominator, using again the integral equation for 1/ω(k) and the substitution of (6.4), we find

I_3(m, r) = 2 π �_∞ 0 dλ λ^2 � I_2(m, r) − e^{−λ2/Λ2} I_2( √ m^2 + λ^2, r) � . (B7)

3. For integrals with 1/ω^4(k) we find

Ĩ_4(k^2) =

�_∞ 0 dμ^2 ρ(μ^2) (k^2 + μ^2)^2 = − d dk^2

�_∞ 0 dμ^2 ρ(μ^2) k^2 + μ^2 ≃ e^{−k2/Λ2} (k^2 + m^2)^2 + 1 Λ^2 e^{−k2/Λ2} k^2 + m^2

. (B8)

The Fourier transformation gives

I_4(m, r) = − d dm^2

I_2(m, r) + 1 Λ^2

I_2(m, r) . (B9)

4. Next we demonstrate that the separation of the variables k_1 and k_2 in the Fourier integrals that occur for Two-Pion-Exchange is always possible, allbeit at the cost of an integration over the variable λ. The method used by Lévy [24] can not be used in the case of Gaussian form factors. Fortunately, the integral representation given above for 1/ω(k) enables us to achieve a factorisation of the integrands w.r.t. the k-variables under the λ-parameter integral for all integrals that occur in the course of the evaluation of the TPE-potentials. This way we are left with only one-dimensional integrals for the TPE-potentials, which have to be evaluated numerically.

We consider the following typical integral

J̃_1(k_1, k_2) =

�_∞ 0 dμ^2_1

�_∞ 0 dμ^2 ρ(μ^2_1)ρ(μ^2) ω(k_1)ω(k_2)[ω(k_1) + ω(k_2]

, (B10)

which occurs for example in the course of the evaluation of the parallel box graph. Here ω(k_1) = � k^2_1 + μ^2_1 and ω(k_2) = � k^2 + μ^2. Now we employ the trick of Lévy [24] by writing 1 ω_1ω_2 1 ω_1 + ω_2 = � 1 ω_2 − 1 ω_1 � 1 ω^2_1 − ω^2

. (B11)

Then, using the expression 1 ω_2 − 1 ω_1 = 2 π (ω^2_1 − ω^2 )

�_∞ 0 dλ (ω^2_1 + λ^2)(ω^2 + λ^2)

, (B12)

which can easily be derived, we obtain factorization of k_1 and k_2 under the λ-integral:

J̃_1(k_1, k_2) = 2 π �_∞ 0 dλ � �_∞ 0 dμ^2_1 ρ(μ^2_1) k^2_1 + μ^2_1 + λ^2

� � �_∞ 0 dμ^2 ρ(μ^2) k^2 + μ^2 + λ^2 � . (B13)

Using again the substitution in (6.4), we get

J̃_1(k_1, k_2) = 2 π �_∞ 0 dλ � e^{−(k21+λ2)/Λ2} k^2_1 + m^2 + λ^2

� � e^{−(k2+λ2)/Λ2} k^2 + m^2 + λ^2 � . (B14)

For the latter expression, the Fourier transformation

J_1(r) = (2π)^{−6} � � d^3k_1d^3k_2 e^{i(k1+k2)·r} J̃_1(k_1, k_2) (B15)

can readily be performed. We finally arrive at the result

J_1(r) = 2 π �_∞ 0 dλe^{−2λ2/Λ2} � I_2( √ m^2 + λ^2, r)

�_2

. (B16)

Similarly we can treat all Fourier integrals that appear in the course of the calculation of the TPE-potentials. Notice that the tricks, employed here, also work in the case of the Two-Meson-Exchange Potentials, where in general the mesons have different masses.

In the point-coupling limit the J_1-function gives

lim_{Λ→∞} J_1(r) = (m/r^2)K_1(mr) , (B17)

which is the result of Lévy [24], Appendix B, Eq.(10a). Here K_1 is the modified Bessel function (see e.g. [40]).

In Table I we give the limit Λ → ∞ for the functions given in this Appendix. They enable the reader to compare the potentials of this paper with those for point-couplings in the literature. lim λ→∞ F F^′ F^{′′} F^{′′′}

I_1(m, r)^{m2}_{2π2} K_1/x −^{m3}_{2π2}

�_{K0 + 2}

x K_1

�_{/x m4} 2π2 �_3

x K_0 + (1 +^6_{x2} )K_1

�_{/x}

I_2(m, r)^m_{4π}^{e−x}_x −^{m2}_{4π}

�_{1 + 1} x �_{e−x} x m3 4π �_{1 + 2}

x +^2_{x2}

�_{e−x}

x −^{m4}_{4π}

�_{1 + 3}

x +^6_{x2} +^6_{x3}

�_{e−x} x

I_3(m, r)^1_{2π2} K_0 −^m_{2π2} K_1^{m2}_{2π2}

�_{K0 + 1}

x K_1

�_{− m3} 2π2 �_1

x K_0 + (1 +^2_{x2} )K_1 �

I_4(m, r)^1_{8πm} e^{−x} −^1_{8π} e^{−x m}_{8π} e^{−x} −^{m2}_{8π} e^{−x}

J_1(r) m^3 K_1/x −m^4

�_1

x K_0 + (1 +^2_{x2} )K_1

�_{/x m5} �_{(1 + 4}

x2 )K_0 + (^3_x +^4_{x2} +^2_x d)K_1

�_{/x}

TABLE I. Limit Λ → ∞ of the basic Fourier transforms. K_0 ≡ K_0(x),K_1 ≡ K_1(x), where x = mr, and F^′ ≡ dF/dr etc.

APPENDIX C

In this Appendix we describe the relation between the instantaneous B-S wave-function and the Pauli-spinor Lippmann-Schwinger wave-functions.

The instantaneous B-S wave-function in momentum space is

ϕ_{αβ}(p) = � dp_0 � d^4xe^{ipx} � 0 � � �T � ψ_α( x 2 )ψ_β(− x 2 ) � � � Ψ_{NN} �

= � d^3xe^{−ip·x} � 0 � � � �ψ_α( x 2 )ψ_β � − x 2 � � � Ψ_{NN} � (C1)

where |Ψ_{NN} ⟩ denotes the two-nucleon scattering state. The expansion of the Schrödinger operators ψ(^x_2 ) and ψ(−^x_2 ) in annihilation and creation operators b(p, s) and d(p, s) reads ψ( x 2 ) = � s=±^1_2

� d^3q

(2π)^32 � m E(q) ·

× � b(q, s)u(q, s)e^{iq·x/2} + d^†(q, s)v(q, s)e^{−iq·x/2} � · (C2)

Using this expansion in (C1) gives

ϕ_{++}(p) = � s_a,s_b

⟨0|b(p, s_a; a)b(−p, s_b; b)|Ψ_{NN} ⟩u_a(p, s_a) ⊗ u_b(−p, s_b) , ϕ_{+−}(p) = � s_a,s_b

⟨0|b(p, s_a; a)d^†(−p, s_b; b)|Ψ_{NN} ⟩u_a(p, s_a) ⊗ v_b(−p, s_b) , ϕ_{−+}(p) = � s_a,s_b

⟨0|d^†(p, s_a; a)b(−p, s_b; b)|Ψ_{NN} ⟩v_a(p, s_a) ⊗ u_b(−p, s_b) , ϕ_{−−}(p) = � s_a,s_b

⟨0|d^†(p, s_a; a)d^†(−p, s_b; b)|Ψ_{NN} ⟩v_a(p, s_a) ⊗ v_b(−p, s_b) . (C3) Introducing now the Lippmann-Schwinger wave-functions χ_{sasb} (p) ≡ ⟨0|b(p, s_a; a)b(−p, s_b; b)|Ψ_{NN} ⟩ , (C4) we have ϕ_{++}(p) = � s_a,s_b

χ_{sasb} (p) u_a(p, s_a) ⊗ u_b(−p, s_b) . (C5) Consider next Eq. (7.3) and write ϕ(p) = ϕ^{(0)}(p) + Λ^{(a)}_+ (p)Λ^{(b)}_+ (−p) g̃(p) � d^3p^′ V (p, p^′) ϕ(p^′) . (C6) Using the identity Λ_+(p) = � s u(p, s) ⊗ ū(p, s) (C7) for the projection operators in (C6), and multiplying this equation on the left with ū_a(p, s_a) ⊗ ū_b(−p, s_b) we find, using the orthogonality relations for the Dirac spinors, the Lippmann-Schwinger equation for the Pauli-spinors χ_{sasb} (p) = χ^{(0)}_{sasb} (p) + g̃(p) � d^3p^′ V(p, p^′)_{sasb,s}′_{as}′_b χ_s′_{as}′_b (p^′) , (C8) where we defined V(p, p^′)_{sasb,s}′_{as}′_b ≡ χ^{(a)†}_{sa} χ^{(b)†}_{sb} V χ^{(a)}_s′_a χ^{(b)}_s′_b = ū_a(p, s_a)ū_b(−p, s_b) V (p, p^′) u_a(p^′, s^′_a)u_b(−p^′, s^′_b) . (C9) Omitting now the spin labels in Eqs. (C8) and (C9), one arrives at the equations (7.6) of section VII.

APPENDIX D

To evaluate the momentum integrations, we write

e^{i(k1+k2)·r} = lim_{r1→r2} e^{ik1·r1} e^{ik2·r2} (D1)

and take the limit operation before the momentum integrations. Then, we can replace all momenta, occurring in the numerator, by ∇_1- and ∇_2-operations, respectively the ∇- operations w.r.t. r_1 and r_2, and take these out of the momentum integrations. For the evaluation of the potentials we employ the following useful identities

(i) lim_{r1→r2}(∇_1 · ∇_2)^2F (r_1)G(r_2) = 2 r^2

F^′(r)G^′(r) + F^{′′}(r)G^{′′}(r) , (D2)

(ii) lim_{r1→r2}(σ_1 · ∇_1 × ∇_2)(σ_2 · ∇_1 × ∇_2)F (r_1)G(r_2) = + 2 3 � 1 r^2

F^′(r)G^′(r) + 1 r F^′(r)G^{′′}(r) + 1 r G^′(r)F^{′′}(r) � (σ_1 · σ_2) + 1 3 � � 1 r F^′(r) − F^{′′}(r) � 1 r G^′(r) + 1 r F^′(r) �1 r G^′(r) − G^{′′}(r) � � S_{12} , (D3)

(iii) lim_{r1→r2}(∇_1 · ∇_2)^3F (r_1)G(r_2) = 6 r^2 � 1 r F^′(r) − F^{′′}(r)

� � 1 r G^′(r) − G^{′′}(r) � + F^{′′′}(r)G^{′′′}(r) , (D4)

(iv) lim_{r1→r2}(∇_1 · ∇_2)(σ_1 · ∇_1 × ∇_2)(σ_2 · ∇_1 × ∇_2)F (r_1)G(r_2) = − 2 3 � 1 r^2 � 1 r F^′(r) − F^{′′}(r)

� � 1 r G^′(r) − G^{′′}(r) � + � 1 r F^′(r) − F^{′′}(r) � 1 r G^{′′′}(r) + 1 r F^{′′′}(r) �1 r G^′(r) − G^{′′}(r) � � (σ_1 · σ_2) + 1 3 � 4 r^2 � 1 r F^′(r) − F^{′′}(r)

� � 1 r G^′(r) − G^{′′}(r) � + � 1 r F^′(r) − F^{′′}(r) � 1 r G^{′′′}(r) + 1 r F^{′′′}(r) �1 r G^′(r) − G^{′′}(r) � � S_{12} . (D5)

This list of formulas is not complete. However, all other cases are similar and can readily be worked out by the reader.

APPENDIX E

To derive the point-coupling limit of the TPEP’s of this paper, we use the integral representations

K_0 =

�_∞ 0 dλ e^{−√m2+λ2r} √ m^2 + λ^2

, K_1 = 1 m �_∞ 0 dλ e^{−√m2+λ2r} (E1) and the relations

K^′_0(x) = −K_1(x) , K^′_1(x) = −K_0 − 1 x K_1(x) (E2)

where x = mr and K^′_0 = dK_0/dx etc.

Besides the limits given in Appendix B, we also need the following ones involving the functions F(r) and G(r), defined in (8.8)

lim_{Λ→∞}

�_∞ 0 dλ λ^2

F (r) = 1 4π K_0(x) ,

lim_{Λ→∞}

�_∞ 0 dλ λ^2

F^′ (r) = − m 4π K_1(x) ,

lim_{Λ→∞}

�_∞ 0 dλ λ^2

F^{′′}(r) = m^2 4π � K_0(x) + 1 x K_1(x) � , lim_{Λ→∞}

�_∞ 0 dλ λ^2

F (r)G(r) = m (4π)^2 � 2 x K_0(2x) − e^{−x} x K_0(x) � ,

lim_{Λ→∞}

�_∞ 0 dλ λ^2

F^′(r)G^′(r) = − m^3 (4π)^2 � 1 + 1 x � e^{−x} x K_1(x) − 2 x K_0(2x) − 3 x^2

K_1(2x) � ,

lim_{Λ→∞}

�_∞ 0 dλ λ^2

F^{′′}(r)G^′(r) = m^4 (4π)^2 � 1 + 2 x + 2 x^2

� e^{−x} x K_1(x) − 4 x^2

K_0(2x) + − � 2 + 9 2x^2 � 1 x K_1(2x) � , lim_{Λ→∞}

�_∞ 0 dλ λ^2

F^′(r)G^{′′}(r) = m^4 (4π)^2 � − � 1 + 1 x � e^{−x} x K^′_1(x) − 4 x^2

K_0(2x) + − � 2 + 9 2x^2 � 1 x K_1(2x) � , lim_{Λ→∞}

�_∞ 0 dλ λ^2

F^{′′}(r)G^{′′}(r) = m^5 (4π)^2 � 1 + 2 x + 2 x^2

� e^{−x} x K^′_1(x) + � 2 x + 15 2x^3 � K_0(2x) + + � 6 x^2 + 11 2x^4 � K_1(2x) � . (E3)

where F^′ ≡ dF/dr etc. and K^′_1 = dK_1/dx.

With these results and Table I one finds for the potentials in (8.7) the point-coupling limits

V̄^{(1)}_C (BW ) = −m � f^2 4π �_2 2 π � 3 � 1 + 2 x + 2 x^2 � K_0(x) + � 1 + 4 x + 4 x^2 � 1 x K_1(x)

� e^{−x} x +

+τ_1 · τ_2 � −2 � 1 + 2 x + 2 x^2 � K_0(x) + � 1 + 4 x + 4 x^2 � 1 x K_1(x)

� e^{−x} x +

+ 1 x � 4 + 23 x^2 � K_0(2x) + � 12 + 23 x^2 � 1 x K_1(2x) � � ,

V̄^{(1)}_σ (BW ) = −m � f^2 4π �_2 2 π � 2 � 1 x + 1 x^2 � K_0(x) + � 1 + 2 x + 2 x^2 � 1 x K_1(x)

� e^{−x} x + − 6 x^3

K_0(2x) − � 4 x + 6 x^3 � 1 x K_1(2x) � − 4 3 τ_1 · τ_2 � 1 x + 1 x^2 � K_0(x) + + � 1 + 2 x + 2 x^2 � 1 x K_1(x)

� e^{−x} x � ,

V̄^{(1)}_T (BW ) = −m � f^2 4π �_2 2 π � � − � 1 x + 1 x^2 � K_0(x) + � 1 + 5 x + 5 x^2 � 1 x K_1(x)

� e^{−x} x + + 12 x^3

K_0(2x) + � 4 x + 15 x^3 � 1 x K_1(2x) � + 2 3 τ_1 · τ_2 � 1 x + 1 x^2 � K_0(x) + + � 1 + 5 x + 5 x^2 � 1 x K_1(x)

� e^{−x} x � , (E4)

where we have introduced the notation V̄ ≡ lim_{Λ→∞} V . These potentials are the same as the BW-potential v_4 in Eq. (61) of [25].

For the 1/M-potentials, the use of Table I leads to the following contributions in the point-coupling limit:

V̄^{(2)}_C (BW ) = (3 + 2τ_1 · τ_2) � m^2 M � � f^2 4π �_2 � 1 + 1 x �_2 e_{−2x}

x^2 ,

V̄^{(2)}_{SO} (BW ) = − (3 + 2τ_1 · τ_2) � 2m^2 M � � f^2 4π �_2 � 1 + 1 x � � 1 + 1 x + 1 x^2

� e^{−2x}

x^3 . (E5)

These potentials are the same as those of [27], paper II, Eq. (3).

V̄^{(3)}_C (BW ) = (3 + 2τ_1 · τ_2) � m^2 2M � � f^2 4π �_2 � 1 + 3 x + 12 x^2 + 30 x^3 + 36 x^4 + 18 x^5

� e^{−2x} x ,

V̄^{(3)}_σ (BW ) = − (3 + 2τ_1 · τ_2) � m^2 2M � 2 3 � f^2 4π �_2 � 2 + 8 x + 16 x^2 + 18 x^3 + 9 x^4

� e^{−2x}

x^2 ,

V̄^{(3)}_T (BW ) = (3 + 2τ_1 · τ_2) � m^2 2M � 1 3 � f^2 4π �_2 � 2 + 11 x + 28 x^2 + 36 x^3 + 18 x^4

� e^{−2x}

x^2 . (E6)

These potentials correspond to the non-adiabatic terms from the crossed-box diagrams as given in [27], paper I, Eq. (22). To compare, one has to subtract from (E6), Eq. (21) of [27], which is equal to the expressions in (E8) below.

For the TMO-potentials of section IX, the expressions of Table I lead to the following contributions in the point-coupling limit:

V̄^{(1)}_C (T MO) = m (3 − 2τ_1 · τ_2) � f^2 4π �_2 2 π � 1 + 2 x + 2 x^2 � K_0(x) +

+ � 1 + 4 x + 4 x^2 � 1 x K_1(x)

� e^{−x} x ,

V̄^{(1)}_σ (T MO) = 2m 3 (3 − 2τ_1 · τ_2) � f^2 4π �_2 2 π � 1 x + 1 x^2 � K_0(x) +

+ � 1 + 2 x + 2 x^2 � 1 x K_1(x)

� e^{−x} x ,

V̄^{(1)}_T (T MO) = −m 3 (3 − 2τ_1 · τ_2) � f^2 4π �_2 2 π � 1 x + 1 x^2 � K_0(x) +

+ � 1 + 5 x + 5 x^2 � 1 x K_1(x)

� e^{−x} x . (E7)

The V̄^{(1)}(T MO)-potentials are identical to those as given in, for example [1], p. 114.

V̄^{(2)}_C (T MO) = − (3 − 2τ_1 · τ_2) � f^2 4π �_2

m^2 4M � 1 + 3 x + 12 x^2 + 30 x^3 + 36 x^4 + 18 x^5

� e^{−2x} x ,

V̄^{(2)}_σ (T MO) = − (3 − 2τ_1 · τ_2) � f^2 4π �_2

m^2 3M � 1 + 4 x + 8 x^2 + 9 x^3 + 9 2x^4

� e^{−2x} x^2 ,

V̄^{(2)}_T (T MO) = (3 − 2τ_1 · τ_2) � f^2 4π �_2

m^2 6M � 1 + 11 2x + 14 x^2 + 18 x^3 + 9 x^4

� e^{−2x} x^2 . (E8)

The V̄^{(2)}(T MO)-potentials correspond to the potential of [27], paper I, Eq. (21).

REFERENCES

[1] M.J. Moravcsik and H.P. Noyes, Ann. Rev. Nucl. Sci. 11, 95 (1961). [2] S. Gartenhaus, Phys. Rev. 100, 900 (1955).

[3] M.M. Nagels, T.A. Rijken, and J.J. de Swart, Phys. Rev. D17, 768 (1978). [4] P.M. Maessen, T.A. Rijken, and J.J. de Swart, Soft-core Baryon-Baryon One-Boson- Exchange Models. II. Hyperon-Nucleon Potential, Phys. Rev. C40, 2226 (1989).

[5] T.A. Rijken, in Proc. Int. Conf. on Few Body Problems in Nuclear and Particle Physics, Quebec 1974, ed. R.J. Slobodrian, B. Cuec and R. Ramavataram (Presses Univ. Laval, Quebec; 1975), p. 136;

T.A. Rijken, Ph.D. Thesis, University of Nijmegen (1975). [6] T.A. Rijken, Ann. Phys. (NY) 164, 1 and 23 (1985).

[7] J.J. de Swart, Th. A. Rijken, P.M. Maessen, and R.G.E. Timmermans, Nuovo Cimento 102A, 203 (1989).

[8] S.L. Adler, Phys. Rev. B137, 1022 (1965);

S. Weinberg, Phys. Rev. Lett. 17, 617 (1966).

[9] K.A. Brueckner, M. Gell-Mann, and M. Goldberger, Phys. Rev. 90, 476 (1953); for a discussion and references see: H.A. Bethe and F. de Hoffmann, Mesons and Fields, Vol. II Mesons (Row, Peterson and Company, New York; 1955).

[10] J.J. de Swart and M.M. Nagels, Fortschr. d. Physik 26, 215 (1978). [11] E. Witten, Nucl. Phys. B160, 57 (1979).

[12] Note that we assume e.g. that also for vector-meson exchange pair-suppression is operative. Then, the VDM-model for the photon-nucleon coupling implies that there is also pair-suppression in nucleon Compton-scattering. Now, for electron Compton-scattering it is well-known that the Thomson limit is exclusively due to the negative-energy electron states. However, this does not apply ipso-facto to nucleon Compton-scattering, since the nucleon is not elementary but composite. In fact, it is very likely that the negative-energy contributions of the constituents cancel out in the Thomson limit, see: S.J. Brodsky and J.R. Primack, Ann. Phys. (NY) 52, 315 (1969).

[13] J. Schwinger, Ann. Phys. 2, 407 (1957);

M. Gell-Mann and M. Lévy, Nuovo Cimento 16, 705 (1960).

[14] J. Schwinger, Phys. Lett. 24B, 473 (1967) and Phys. Rev. 167, 1432 (1968);

S. Weinberg, Phys. Rev. Lett. 18, 188 (1967) and Phys. Rev. 166, 1568 (1968). [15] F.J. Dyson, Phys. Rev. 73, 929 (1948); L.L. Foldy, Phys. Rev. 84, 168 (1951); J.M.

Berger, L.L. Foldy, and R.K. Osborn, Phys. Rev. 87, 1061 (1952). [16] S.S. Schweber, Relativistic Quantum Fields (Harper & Row, New York; 1962). [17] R.P. Feynman, Phys. Rev. 76, 769 (1949).

[18] J. Schwinger, Proc. Nat. Acad. of Sciences (USA) 37, 452 (1951). [19] E. Salpeter and H.A. Bethe, Phys. Rev. 84, 1232 (1951). [20] E. Salpeter, Phys. Rev. 87, 328 (1952). [21] R.H. Thompson, Phys. Rev. D1, 110 (1970). [22] A. Klein, Phys. Rev. 90, 1101 (1953). [23] B. Kursunoglu, Phys. Rev. 96, 1690 (1954). [24] M.M. Lévy, Phys. Rev. 88, 725 (1952).

[25] K.A. Brueckner and K.M. Watson, Phys. Rev. 92, 1023 (1953), hereafter referred to as BW. [26] M. Taketani, S. Machida, and S. Ohnuma, Progr. Theor. Phys. (Kyoto) 7, 45 (1952), hereafter referred to as TMO.

[27] M. Sugawara and S. Okubo, Phys. Rev. 117, 605 (1960); ibid, 611 (1960). [28] C.K. Iddings and P.M. Platzman, Phys. Rev. 120, 644 (1960). [29] M.M. Lévy, Phys. Rev. 88, 72 (1952).

[30] O. Dumbrajs, et.al., Nucl. Phys. B216, 277 (1983); Particle Data Group, Phys. Lett.

B204, 1 (1988).

[31] Y. Nambu, Phys. Rev. Lett. 4, 380 (1960); Proc. Int. Conf. on High Energy Physics, Tokyo, p. 971 (1978);

Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345 (1961) and ibid 124, 246 (1961). [32] We follow the conventions of J.D. Bjorken and S.D. Drell, Relativistic Quantum Mechanics and Relativistic Quantum Fields (McGraw-Hill Inc., New York; 1965).

[33] For the notation see e.g. V. DeAlfaro, S. Fubini, G. Furlan, and C. Rosetti, Currents in Hadron Physics (North-Holland Publishing Company, Amsterdam-London; 1973).

[34] M.L. Goldberger and S.B. Treiman, Phys. Rev. 110, 1178 (1958). [35] S. Gasiorowicz and D.A. Geffen, Rev. Mod. Phys. 41, 331 (1969). [36] From section VI on, we use the notation k_1 and k_2 for the momenta of the pions instead of k and k^′ respectively.

[37] M.M. Nagels, T.A. Rijken, and J.J. de Swart, Phys. Rev. D15, 2547 (1977). [38] J.R. Bergervoet, P.C. van Campen, R.A.M. Klomp, J.-L. de Kok, T.A. Rijken, V.G.J.

Stoks, and J.J. de Swart, Phys. Rev. C 41, 1435 (1990). [39] M.H. Partovi and E.L. Lomon, Phys. Rev. D2, 1999 (1970).

[40] M. Abramowitz and I.A. Stegun, editors, Handbook of Mathematical Functions (Dover Publications Inc., New York; 1970).

FIG. 1. Feynman-diagram One-Pion-Exchange.

FIG. 2. Feynman-diagrams Two-Pion-Exchange.

FIG. 3. Second-order Potential graphs.

FIG. 4. Planar BW-Two-Pion-Exchange Potential graphs. The arrows correspond to the definition of k_1 and k_2. This same convention is also used in all other graphs.

FIG. 5. Crossed BW-Two-Pion-Exchange Potential graphs.

FIG. 6. TMO-Two-Pion-Exchange Potential graphs.

FIG. 7. Second- and Fourth-order Potential Scattering Diagrams.

FIG. 8. Central I = 0 and I = 1 TPEP with the BW- and TMO-graph contributions.

FIG. 9. Spin-spin I = 0 and I = 1 TPEP with the BW- and TMO-graph contributions.

FIG. 10. Tensor I = 0 and I = 1 TPEP with the BW- and TMO-graph contributions.

FIG. 11. Spin-orbit I = 0 and I = 1 TPEP with the BW- and TMO-graph contributions.

FIG. 12. Central I = 0 and I = 1 TPEP-tail versus OPEP and HBEP.

FIG. 13. Spin-spin I = 0 and I = 1 TPEP-tail versus OPEP and HBEP.

FIG. 14. Tensor I = 0 and I = 1 TPEP-tail versus OPEP and HBEP.

FIG. 15. Spin-orbit I = 0 and I = 1 TPEP-tail versus OPEP and HBEP.